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a b s t r a c t 

Neural network-based models have recently shown excellent performance in various kinds of tasks. How- 

ever, a large amount of labeled data is required to train deep networks, and the cost of gathering la- 

beled training data for every kind of domain is prohibitively expensive. Domain adaptation tries to solve 

this problem by transferring knowledge from labeled source domain data to unlabeled target domain 

data. Previous research tried to learn domain-invariant features of source and target domains to address 

this problem, and this approach has been used as a key concept in various methods. However, domain- 

invariant features do not mean that a classifier trained on source data can be directly applied to target 

data because it does not guarantee that data distribution of the same classes will be aligned across two 

domains. In this paper, we present novel generalization upper bounds for domain adaptation that mo- 

tivates the need for class-conditional domain invariant learning. Based on this theoretical framework, 

we then propose a class-conditional domain invariant learning method that can learn a feature space 

in which features in the same class are expected to be mapped nearby. We empirically experimented 

that our model showed state-of-the-art performance on standard datasets and showed effectiveness by 

visualization of latent space. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Recently deep learning-based artificial intelligence has demon- 

trated excellent performance in computer vision, natural language 

rocessing, and a variety of other applications. State-of-the-art 

odels in classification, regression, unsupervised learning, and re- 

nforcement learning sometimes show performance even better 

han that of humans. However, deep learning-based artificial intel- 

igence models require large-scale datasets for training the model, 

nd the cost of gathering labeled data for training is an obstacle 

or the real-world application of deep learning. 

Machine learning assumes that training data and test data are 

rom equal distributions so that we can train a model on train- 

ng data and implement a real-world application on unlabeled test 

ata. In the real world, however, it is difficult to generate enough 

abeled data similar to unlabeled real-world test data. 

In contrast to machine learning models, humans can trans- 

er knowledge across different tasks, generalize their knowledge 
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mong different domains, and learn from a few examples. Inspired 

y human abilities, transfer learning uses knowledge of labeled 

raining data to improve performance on other data [1] . 

Domain adaptation is an aspect of transfer learning which at- 

empts to learn a model by using massively available labeled 

ource domain which performs well on target data. Domain adap- 

ation assumes that the two domains are defined for the same task 

nd that the source and target domains are similar but in different 

istributions. 

There have been various approaches related to domain adapta- 

ion [2–10] . There was a theoretical analysis that the risk of the 

arget domain can be bounded by the risk of source data and 

he discrepancy between two domains [2] . Based on this theory, 

ome attempted to learn a transferable representation by reduc- 

ng the Maximum Mean Discrepancy (MMD) between the source 

nd target domains [4–7] . Another approach assigned an impor- 

ance weight to each instance of target data [3,9] . 

Recent trends in domain adaptation, inspired by the genera- 

ive adversarial network (GAN), are attempting to learn transfer- 

ble representations that are indistinguishable from the features of 

he source and target domains using minimax games [11–13] . By 

sing this approach, we can learn a representation that cannot be 
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istinguished by the domain it came from. Then, by using a clas- 

ifier trained on source data features, we can apply the classifier 

irectly on a hidden representation of target data. 

However, a domain invariant representation-based approach 

oes not take into account the class label information of the source 

nd target domains, focusing only on their indistinguishable global 

istribution. Therefore, there is no guarantee that embedded fea- 

ures of source and target domains with the same label, will be 

istributed similarly in an indistinguishable representation. If so, 

here will be large discrepancies in the decision boundaries of 

he ground truth classifiers of the source and target domains, so 

 classifier optimized for the source domain sample may not fit 

ell with the target sample. Therefore, if we can learn a class- 

onditional representation that true classifiers (ground-truth classi- 

ers) of the source and target samples can be similar to each other, 

he source domain-based classifier will perform better in the target 

omain. 

Some of the existing methods focused on this issue of learning 

lass-conditional distribution, i.e. joint alignment. Most of these 

ethods [4,14–18] use pseudo label induced by label classifier 

nd minimized the difference between data means between source 

nd target data. This means the matching based approach showed 

rominent performance in class conditional domain adaptation 

roblems. 

Fig. 1 motivates the need for compact class-conditional do- 

ain invariant representations. An example of a hidden repre- 

entation when a non-domain adaptation method is applied di- 

ectly to target data is shown in Fig. 1 a. Because the two do-

ains are embedded separately in the latent space, the model 

egrades in the target domain. Comparatively, domain invariant 

epresentation-based methods [10–13] make the classifier work 

etter in the target domain, as shown in Fig. 1 b. However, we 

till can see that domain invariant learning is not enough to tailor 

he classifier to the target, because it does not take into account 

he class conditional distribution of the source and target domains. 

ig. 1 c shows that learning a compact class-conditional distribu- 

ion on both source and target domains can help an optimized 

lassifier in the source domain to generalize well in the target 

omains. 

However, previous pseudo label induced mean matching meth- 

ds heavily depends on label classifier to learn class conditional 

istribution. If the label classifier does not provide an appropri- 

te decision boundary for target samples, it may have the problem 

f false pseudo labels and lead to incorrect class conditional learn- 

ng. In addition, there was not much theoretical background on the 

eed for class conditional learning. 

To this end, this paper presents a novel generalization bound 

or domain adaptation that supports the need for the class- 

onditional compact representation. Based on this theoretical 

ramework, we develop a novel domain adaptation algorithm to 

earn a compact distribution of class-conditional domain invariant 

epresentation. The method introduces a new loss function that 

akes embedded features of source and target domains with the 

ame label be similarly distributed in an indistinguishable repre- 

entation and avoids the difficulty of using the class-conditional 

istribution information of the target domain. The soft assignment 

f each target sample in latent space is calculated using similar- 

ty with the center of the labeled source domain and it is inter- 

reted as the probability of belonging to each label. We then opti- 

ize the encoder to enhance prediction, so that each sample can 

e included more compactly in the closest centroid as shown in 

ig. 1 c. 

Compared to previous class conditional learning methods, our 

ethod has two advantages. First, our method does not rely on la- 

el classifier, since it only considers the distribution of each sample 

n latent space. Second, while previous methods focus on match- 
2 
ng the mean of the source samples and the pseudo labeled target 

amples, our method focuses on every individual sample to learn 

lass-conditional distribution. 

We can find the advantage of our method over the previous 

seudo labeling base method in Fig. 2 . In this example, the goal 

f class conditional learning is to distribute the red sample near 

he red center and the blue sample to the blue center. The cen- 

ral part of each figure highlights the advantage of our model. In 

he center of the left figure, in the case when the classifier mis- 

lassifies target samples (blue samples in the red area), the previ- 

us methods make the examples with false pseudo label moves to 

he opposite center which is a completely wrong direction. How- 

ver, in the right figure, since our method relies on the distribution 

f each sample, we can find that samples in the area in the cor- 

ect direction. Moreover, while the previous method assigns equal 

radients to the samples that are in the same decision area, our 

ethod treated each sample differently considering their distri- 

utions. Based on this advantage, our suggested method can suc- 

essfully learn a class conditional distribution and achieve supe- 

ior results. Detailed settings of these examples and analysis are in 

ection 5.1 . 

To evaluate the proposed model, we first perform various image 

lassification tasks for digit recognition (MNIST, MNIST-M, USPS, 

nd SVHN. Then we use Amazon review data for sentimental clas- 

ification. In classical domain adaptation experiments, our pro- 

osed model showed superior performance compared to the pre- 

ious domain invariant models. The visualization of the hidden 

epresentation also showed that the model actually learns a com- 

act representation that the source domain-based classifier can 

e better applied to the target domain. Experiments with large 

ata sets such as Office, Office-home, Office-Caltech, and VISDA 

how that our method outperforms any previous state-of-the-art 

odel. 

In summary, we list the key contributions of this paper as fol- 

ows: 

1. We propose a novel domain adaptation method called compact 

class-conditional domain invariant learning. Compared to the 

previous domain-invariant methods, our method aligns class- 

conditional distribution across two domains. Our method is 

simple and easy to apply to previous domain adaptation models 

to enhance class conditional alignment. 

2. We provide a theoretical framework to support class- 

conditional invariant learning by presenting a new gener- 

alization upper bound for domain adaptation. 

3. Experimental results on classical and large dataset show that 

the proposed method performs state-of-the-art classification re- 

sults. In addition, feature visualization shows that our method 

forces compact conditional distribution alignment between two 

distributions. 

. Related work 

There are two main approaches to solving the problems of 

omain adaptation: the instance based approach and the feature 

ased approach. The first approach focuses on training a classifier 

hat can consider the difference between the two domains. This 

pproach tries to revise the training of the classifier by domain 

daptation terms in the loss function of the classifier. Sugiyama 

t al. [3] used importance weighing p i = x t 
i 
/x s 

i 
considering the dis- 

ribution of source and target domains. However, since recent stud- 

es in machine learning are mainly based on representation learn- 

ng and it handles unstructured data such as images or text data, 

ecent researches focus on feature based domain adaptation meth- 

ds. 
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Fig. 1. Comparison of previous methods and proposed domain adaptation method in toy example where alphabet A,B, and C refer to each labels and colors represent 

domains. Fig. 1 a: Distribution of hidden representation when there is with no domain adaptation methods. Fig. 1 b: Previous domain invariant methods. Fig. 1 c: Hidden 

feature of our proposed method that attempts to learn class-conditional distribution. It has compact distribution conditional to the labels. 

Fig. 2. Comparison previous mean matching methods and our methods in toy example. x refers to center ( μ) of source samples and · means each target samples ( x t ), 

while red and blue colors denote their true labels ( y ). Black line represents classification boundary, so the red and blue areas denote the pseudo labels, ˆ y = 0 and ˆ y = 1 , 

respectively. Black arrow represents gradient of each samples induced by class conditional loss function. (For interpretation of the references to color in this figure legend, 

the reader is referred to the web version of this article.) 
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Feature based domain adaptation tries to find a transferable 

eature in source and target domains. A transferable feature makes 

he data from the source and target domains transferable in fea- 

ure space Z so that a task specific classifier can be applied to 

oth source and target domains. Prior approaches tried to match 

he distribution means in the reproducing kernel Hilbert space 

4] . In sentimental applications of domain adaptation, Blitzer et al. 

19] suggested structural correspondence learning which considers 

utual information of words for domain adaptation. There was an 

pproach that used batch normalization for matching the features 

20] and group sparse representation [21] . 

Recent trends of domain adaptation use deep learning based 

pproaches for transferable feature extraction. Glorot et al. 

22] trained a deep auto-encoder to extract common features in 

oth source and target domains. Then trained a classifier with the 

eatures on the labeled source domain and applied the classifier on 

he unlabeled target data. Chen et al. [23] extended this approach 

o marginalized denoising auto-encoders. Recently, there have been 

pproaches that used the idea of memory network [24] and graph 

onvolutional network [25] on domain adaptation problems. 

Based on the idea of GAN, Ganin et al. [11] suggested Domain 

dversarial Neural Networks (DANN). This model tries to extract 

 common feature that minimizes H-divergence derived by Ben- 

avid et al. [2] . Minimizing H-divergence makes data points of 

ource and target domain in feature space Z indistinguishable. 
3 
ANN uses a gradient reversal layer in a neural network to build 

n indistinguishable representation function. 

Recently many researches have focused on finding an indis- 

inguishable feature by using neural networks. Bousmalis et al. 

12] suggested Domain Separation Networks (DSN) which ex- 

ract domain invariant feature as well as domain specific fea- 

ure. DSN used a private auto-encoder and a shared auto-encoder 

o source and target domains, and used similarity and difference 

osses to extract common features between two domains. Tzeng 

t al. [13] proposed Adversarial Discriminative Domain Adaptation 

ADDA) which uses different mapping functions for source and tar- 

et domains and GAN loss for learning indistinguishable features. 

ecently, Wu et al. [25] proposed a new model with a graph con- 

olutional network (GCN) to reveal the geometric information of 

wo different domains. Through GCN, they extracted the source 

nd target feature and reduced domain distribution matching loss 

ith the kernel method. 

However, unsupervised learning for extracting transferable fea- 

ures [11–13,25] only enforces global domain statistics without us- 

ng the information of conditional distribution on class labels. Re- 

ently, there was a research that theoretically analyzed why learn- 

ng invariant representation is not sufficient in domain adaptation 

roblems [26] . This paper showed a counterexample where do- 

ain invariant features lead to increasing error on the source and 

arget domains. Moreover suggested a new information-theoretic 
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ower bound that shows there exists a trade-off between invariant 

epresentation and small joint error. 

Recent approaches to domain adaptation have focused mostly 

n aligning the joint distributions of source and target domains. 

ong et al. [4] tries to deal with this by aligning the class con-

itional representation by the pseudo label in the target data by 

sing MMD and pseudo labels Zhang et al. [15] also used a sim- 

lar approach with [4] , by learning two coupled projections with 

ource and target domains. There were also researches that tried 

o matching both marginal and conditional distributions [14] and 

alancing between those two terms [16,18] . These pseudo labels 

nd MMD based approaches have shown great success in learning 

lass conditional distributions. However, since these methods need 

o solve the eigenvalue decomposition problem, it requires a high 

omputational cost. In addition, it has the problem of false pseudo- 

abels, which can negatively impact performance. PACET [27] pro- 

oses using a local triplet-wise instance-to-center margin to align 

he joint distribution of both domains. Concurrent work by Wang 

nd Breckon [28] used iterative learning with selective pseudo la- 

eling to deviate from the problem of false pseudo labels during 

he beginning of the training. This is similar to our work in the 

ense that it assigns a pseudo label by using the distance between 

arget samples and the class prototypes. However, while our meth- 

ds use the probability of assignment, [28] takes only the maxi- 

um value and assigns a pseudo label for each target sample. In 

his respect, [28] did not consider the distribution of each sample 

n the latent space. In addition, similar to other MMD based meth- 

ds [4,14,15] , Wang and Breckon [28] require to solve the eigen- 

alue decomposition problem These approaches are not a deep 

earning-based model, making it difficult to construct an end-to- 

nd model on large data sets and requires an add-on feature ex- 

ractors such as SURF of DeCAF6 [29] . 

There are also deep learning based methods for aligning the 

oint distribution of the two domains. JAN(Joint Adaptation Net- 

ork) tried to reduce moment matching between the feature of 

ource and target data by using kernel and tensor Product [30] . 

n particular, they consider the joint distribution of data by merg- 

ng the output of the middle layers with the features of the last 

ayer. However, they did not use the label information to calculate 

he JMMD, which can be considered a lack of alignment. Unlike 

ther methods that focus on additional constraints on adversar- 

al training, Long et al. [31] proposed CDAN (Conditional Domain 

daptation Network) that uses multiplicative interactions between 

eatures and predictions in adversarial training and changes the 

dversarial training by adding prediction information. Saito et al. 

32] proposed to consider task-specific decision boundaries for do- 

ain adaptation issues. They attempted to adjust decision bound- 

ries by maximizing and minimizing discrepancies between two 

eparate classifiers. However, this system requires additional classi- 

ers, and optimization requires three steps to learn the appropriate 

ecision boundaries. Xie et al. [17] used pseudo labels and aligned 

he centroid of each category between the two domains. To over- 

ome the problem of false pseudo-labels, they suggested moving 

verage semantic transfer loss (MSTN). Similarly, to alleviate the 

alse pseudo-labels problem, Chen et al. [33] proposed a method 

hat sequentially trains a model from easy target images, which 

re similar to the source images, to hard target images, which are 

ifferent from the source images, considering intra-class variation 

n the target domain. Another approaches to produce a similar rep- 

esentation encoder with the joint distribution is considering joint 

abels. Even if the inputs have the same label, if they belong to 

ifferent domains, they are considered as different labels. For in- 

tance, Cicek and Soatto [34] constructed a joint classifier which 

utputs domain-class label, e.g., source dog, source cat, target dog, 

nd target cat, to extract domain invariant features. 
4 
To push further along these unsupervised domain adaptations 

ia joint alignment methods [17,31,32,35] , we suggest a novel de- 

ign of class-conditional invariant learning. While [31,32,35] re- 

uire specific network structures, such as multiplicative interac- 

ions or two separate classifiers or two feature translators, our 

ethod does not require any additional networks or specific struc- 

ure so that it can be applied to any previous domain invariant 

earning structure. Similar to Xie et al. [17] , our method attempts 

o align the target sample to the centroid of the source domain, 

aking into account class conditional distribution. However, unlike 

17] , which matches the centers between the two domains, our 

ethod aligns each sample to the source centroid so that it has 

 much compact distribution near each centroid. 

To extract label information for unlabeled target domains, pre- 

ious studies [17,31,35] used classifier prediction. However, using a 

lassifier prediction as a pseudo label may not be accurate enough 

ecause it does not guarantee that the classifier in early epochs 

orks well with the target data. They used entropy condition, 

oving average, and truly domain invariant features to solve this 

roblem. We suggest using soft assignment of each sample directly 

n the latent space, instead of using classifier prediction for the 

seudo label. In this way, we can focus on learning the proper rep- 

esentation of the latent space without resorting to classifiers. 

. Theoretical framework 

.1. Domain adaptation setting 

We introduce an unsupervised learning algorithm that transfers 

nformation from a large labeled source domain to an unlabeled 

arget domain. We consider classification tasks where X is an input 

pace and Y is an output space. In the domain adaptation settings, 

e have two distinct distributions over X called source domain D 

s 

nd target domain D 

t where S = { (x s 
i 
, y s 

i 
) ∈ D 

s × Y : i = 1 , ..., N s }
epresents a labeled source data of N s samples, distributed accord- 

ng to a source density p s (x , y ) , and { x t 
j 
∈ D 

t , j = 1 , ..., N t } indi-

ates an unlabeled target data of N t samples, distributed accord- 

ng to a target density p t (x ) with unobserved labels distributed 

ccording to p t (y | x ) . As usual, we assume that the source and the

arget domains satisfy the covariate shift condition, i.e. p s (y | x ) =
p t (y | x ) . 

Following the notations of Ben-David et al. [36] , given a true 

arget concept or labeling function c : X → [0 , 1] , and given a hy-

othesis set H = { h : X → { 0 , 1 }} , the generalization error (or risk)

f a hypothesis h ∈ H in a domain D 

s are defined by 

D s (h, c) = E x ∼D s [ | h (x ) − c(x ) | ] = Pr x ∼D s [ h (x ) � = c(x )] 

or more simplified notation, we use εD s (h ) = εD s (h, c s ) and 

D t (h ) = εD t (h, c t ) where c t and c s denote true target functions of

ource and target domain, respectively. If we let ˆ D 

s 
m 

and 

ˆ D 

t 
m 

are 

amples of size m each independently drawn according to the dis- 

ribution D 

s and D 

t , respectively, then the empirical error of h ∈ H
n a domain D 

s is defined by 

ˆ ˆ D s m (h, c) = 

1 

m 

∑ 

x i ∈ ̂ D s m 

1 h (x i ) � = c(x i ) 

To give a rigorous model of domain adaptation, Ben-David et al. 

2] defined the set of disagreement between two hypothesis in 

by the symmetric difference hypothesis space H�H = { ̃ h : X → 

 0 , 1 }| ̃ h (x ) = h (x ) � h ′ (x ) , h, h ′ ∈ H} where � is the XOR function.

he H�H divergence measures discrepancy between two different 

omains and is defined by 

 H�H 

(D 

s , D 

t ) = 2 sup 

h,h ′ ∈H 

| Pr x ∼D s [ h (x ) � = h 

′ (x )] 

−Pr t [ h (x ) � = h 

′ (x )] | (1) 
x ∼D 
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 2 sup 

h,h ′ ∈H 

| εD s (h, h 

′ ) − εD t (h, h 

′ ) | (2) 

hey suggested using proxy distance to easily approximate 

 H�H 

(D 

s , D 

t ) by the following empirical H�H divergence between 

amples of size m each given by 

 H�H ( ̂  D 

s 
m 

, ˆ D 

t 
m 

) = 2 

( 

1 − min 

˜ h ∈H�H 

[ 

1 

m 

∑ 

x i ∈ ̂ D s m 

1 ˜ h (x i )=0 
+ 

1 

m 

∑ 

x i ∈ ̂ D t m 

1 ˜ h (x i )=1 

] ) 

,

(3) 

hich train a classifier ˜ h (x ) = h (x ) � h ′ (x ) that discriminates

oints between source and target domains where ˜ h is labelled with 

˜ 
 (x i ) = 0 if x i is from a source domain and 1 if x i is from a target

omain. It is easy to show that if we let err ( ̃ h ) denotes empirical

rror of classifier ˜ h on the task of discriminating points between 

ource and target domain, then the empirical H�H divergence be- 

omes 

 H�H 

( ̂  D 

s 
m 

, ˆ D 

t 
m 

) = 2 

(
1 − 2 min 

g∈H�H 

err (g) 

)
(4) 

Utilizing these concepts and the PAC learning framework in 

ohri et al. [37] , Ben-David et al. [2] derived the following gen- 

ralization error bound on the target risk as: For any δ > 0 with 

robability at least 1 − δ, for every h ∈ H, 

D t (h ) ≤ εD s (h ) + 

1 

2 

d H�H 

( ̂  D 

s 
m 

, ˆ D 

t 
m 

) + λ∗

+4 

√ 

2 VCdim (H) log (2 m ) + log 2 
δ

m 

(5) 

here VCdim (H) is the VC dimension of H and 

∗ = inf 
h ∈H 

[ εD s (h ) + εD t (h )] (6) 

enotes the combined error of the ideal joint hypothesis h ∗ that 

inimizes the combined source and target errors. The first term 

n the bound is the source error, the second term measures the 

istance between unlabeled samples of source and target domain, 

nd the third term refers that the bound depends on the λ∗ which 

s the optimal joint risk. 

Since minimizing the second term of (5) lowers the generaliza- 

ion bound risk of the target domain in domain adaptation, various 

esearches focused on learning invariant features by using unsuper- 

ised learning [11,12,22] . Since labeling function f : Z −→ 

ˆ Y works 

n feature space Z, previous algorithms tried to find a feature 

ransformation g : X −→ Z such that the induced source ( D 

s 
Z ) and 

arget distributions ( D 

t 
Z ) are close. At the same time, these meth- 

ds also tried to learn a classifier on the feature space Z that min- 

mizes the first term, i.e. empirical error on the labeled source do- 

ain. 

.2. New generalization upper bounds 

The generalization error bound of (5) is in general not sufficient 

o minimize the expected target domain error for domain adapta- 

ion problems, since learning the indistinguishable representation 

f the source and the target domains do not guarantee that label 

onditional distribution between two domains are similar. There- 

ore a classifier that was supervised trained by labeled source do- 

ain may not show the same performance in the target domain, 

specially when the true labeling functions f : Z −→ Y that work 

or induced source and target distributions are different. Also, it is 

n practice hard to compute the optimal error λ∗ in Eq. (6) . As in-

ractable term λ∗ exists in the error bound, minimizing only the 

rst two terms is not sufficient for domain adaptation. 
5 
In this paper, we extend the theoretical upper bound for binary 

lassification to multi-classification case (with K-classes) and will 

rovide a new generalization upper bound for domain adaptation 

hat does not contain intractable term λ. 

Given a true target concept or labeling function c : X → Y K 

here Y K = { 1 , 2 , ..., K} (mono-label case) or Y K = { 0 , 1 } K (multi-

abel case), and given a hypothesis set H = { h : X → Y K } , the gen-

ralization error (or risk) of a K-class hypothesis h ∈ H in a domain 

 

s are defined by 

D s (h ) = εD s (h, c) = E x ∼D s [ ‖ h (x ) − c(x ) ‖ K ] 

here ‖ · ‖ K is the Hamming distance that measures the num- 

er of different components in two vectors. εD t (h ) = εD t (h, c t ) are

imilarly defined. We define the symmetric difference hypothesis 

pace on H by H�H = { g : X → Y K | g(x ) = h (x ) � h ′ (x ) , h, h ′ ∈ H}
nd the H�H divergence measures discrepancy between two dif- 

erent domains by 

 H�H 

(D 

s , D 

t ) = 2 sup 

h,h ′ ∈H 

| εD s (h, h 

′ ) − εD t (h, h 

′ ) | (7) 

Let Z refer to a hidden feature space that is shared between 

oth the source and the target domains and is induced from the 

nput space X by using a representation function g ∈ G = { g : X →
} where g(x ) = z for any random variables x ∈ X and z ∈ Z . If

e denote f ∈ F = { f : Z → Y K } a labelling function that operates

n the induced feature space Z, then hypotheses h ∈ H = { f ◦ g :

f ∈ F , g ∈ G} are formed by the process X 

g −→ Z 

f −→ 

ˆ Y K where h =
f ◦ g = f (g(·)) . We assume that the true labeling functions in the 

nduced feature space of the source and target domains are f s and 

f t , respectively where c s = f s g ◦ g and c t = f t g ◦ g for some g ∈ G. 

The following theorem gives a new generalization upper bound 

n hypothesis space H g = { f ◦ g : f ∈ F} stratified for g using com-

ined source and target training data. 

heorem 1. Let 〈D 

s , c s = f s g ◦ g〉 and 〈D 

t , c t = f t g ◦ g〉 be the source

nd target domains, respectively, and let D 

s 
Z and D 

t 
Z be induced 

wo distributions over Z by a representation function g : X −→ Z ∈ G. 

or any hypothesis h ∈ H g = { f ◦ g : f ∈ F} , the following inequality

olds: 

D t ( f ◦ g) < εD s ( f ◦ g) + 

1 

2 

d H g �H g 
(D 

s , D 

t ) 

+ min { E z ∼D s Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] , E z ∼D t Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] } (8) 

roof. See Appendix. �

As a result, the upper bound of empirical expected target er- 

or can be decomposed into three parts: The first term comes 

rom empirical source error. The second term is the H g -divergence 

etween source and target domain stratified for a representation 

unction g. The third term corresponds to difference of true label- 

ng functions between source and target domain in feature space 

. 

We next present empirical generalization bounds in the multi- 

lass domain adaptation setting. Following the notations and def- 

nitions of Mohri et al. [37] , we first give the definition of the 

ademacher complexity that measures the capacity of a hypothesis 

pace by its ability to fit random data. 

efinition 1 (Rademacher complexity) . For a real-valued function 

lass H : X → [ a, b] and a sample D 

s = { x 1 , ..., x m 

} generated by a

istribution D 

s , the empirical Rademacher complexity of H with 

espect to S is the random variable 

ˆ 
 D s (H) = E σ

[ 

sup 

h ∈H 

1 

m 

m ∑ 

i =1 

σi h (x i ) 

] 

(9) 

here σ = { σ1 , ..., σm 

} are independent uniform {±1 } -valued 

ademacher random variables. The Rademacher complexity of H is 
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he expectation of the empirical Rademacher complexity over all 

amples of size m : 

 m 

(H) = E D s [ ̂  R D s (H)] = E S σ

[ 

sup 

h ∈H 

1 

m 

m ∑ 

i =1 

σi h (x i ) 

] 

(10) 

We define �g (F ) for a representation function g ∈ G by 

g (F ) = { x 
→ 1 y = f◦g(x ) : y ∈ Y K , f ∈ F} . 
he label associated to point x is f ◦ g(x ) which is the one result-

ng in the largest score 1 y = f◦g(x ) . 

Let S = { (x s 
i 
, y s 

i 
) ∈ D 

s × Y : i = 1 , ..., N s } represent a labeled

ource data of N s samples, and { x t 
j 
∈ D 

t , j = 1 , ..., N t } indicates an

nlabeled target data of N t samples. The empirical error loss for 

ulti-class classification is defined by 

ˆ D s ( f ◦ g) = 

1 

m 

m ∑ 

i =1 

1 y i � = f◦g(x i ) 

Now we are ready to present the following empirical risk bound 

or multi-class domain adaptation for a mono-label Y K in the PAC 

Probably Approximately Correct) learning framework. 

heorem 2 (Empirical Risk bound for multi-class domain adapta- 

ion) . Let 〈D 

s , c s = f s g ◦ g〉 and 〈D 

t , c t = f t g ◦ g〉 be the source and tar-

et domains, respectively, and let D 

s 
Z and D 

t 
Z be induced two distri- 

utions over Z by a representation function g : X −→ Z ∈ G. Then, for 

ny δ > 0 , with probability at least 1 − δ, the following multi-class 

lassification generalization bound holds for all hypothesis h ∈ H g = 

 f ◦ g : f ∈ F} : 

εD t ( f ◦ g) ≤ ˆ εD s ( f ◦ g) + 4 K� m 

(�g (F )) + 

√ 

log 1 
δ

2 m 

+ 2 

√ 

log 2 
δ

2 m 

+ 

1 
2 

d H g �H g 
( ̂  D 

s 
m 

, ˆ D 

t 
m 

) + 4 

√ 

d log em 
2 d 

m 

+ min { E z ∼D s Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] , E z ∼D t Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] } 
(11) 

here d = VCdim (H g ) . Furthermore, if a representation function g : 

 −→ Z ∈ G is chosen in such a way to make its induced two distri- 

utions over Z, D 

s 
Z and D 

t 
Z be identically distributed (or similar to 

ach other), i.e. D 

s 
Z ∼ D 

t 
Z , then, for any δ > 0 , with probability at

east 1 − δ, 

εD t ( f ◦ g) ≤ ˆ εD s ( f ◦ g) + 4 K� m 

(�g (F )) 

+2 

√ 

log 1 
δ

2 m 

+ 2 

√ 

log 2 
δ

2 m 

+ 

1 
m 

∑ m 

i =1 [ ‖ f s g (z i ) − f t g (z i ) ‖ K ] 
(12) 

roof. See Appendix. �

In summary, the generalization bounds of Theorems 1 and 2 ex- 

end the existing bounds to multi-class domain adaptation prob- 

ems and overcomes limitations of the previous approaches as 

ollows. Firstly, the second term in the margin upper bound of 

11) provides a tighter upper bound than that of the theorem 

.2 of [37] , since � m 

(�g (F )) ≤ � m 

(�1 (H)) where �1 (H) := { x 
→
 (x , y ) : y ∈ Y K , h ∈ H} . Secondly, the last term in the upper bound

f (11) or (12) explicitly motivates the need for the supervised 

lass-invariance on the feature space Z induced from the input 

pace X by using any domain invariant representation function 

andidate g. 

. Proposed method 

.1. Proposed model 

.1.1. Motivation 

In the empirical risk bound for multi-class domain adaptation 

n (11) of Theorem 2 , the first risk bound (the first to the fourth
6 
erms) is the empirical source error which can be minimized by 

educing the supervised loss of labeled source data. The second 

isk bound (the fifth and the sixth terms) is the empirical H g - 

ivergence which can be minimized by building a domain invariant 

epresentation. There were approaches using the gradient reverse 

ayer [11] or GAN loss [13] . However, the third risk bound (the last 

erm) is hard to minimize since we don’t have labeled target data. 

ith only unlabeled target data, we cannot in general expect how 

oes the true labeling function f t look like. We observe, however, 

nding a feature space Z that makes true labeling functions f s and 

f t similar can minimize this risk bound. 

To find the representation space where true labeling functions 

f source and target domain are similar, we propose a class- 

onditional domain invariant method to learn a representation 

unction g : X −→ Z that tries the true labeling function of target 

amples, f t , work similarly to that of source samples, f s , on the

nduced feature space Z . To this end, we build an appropriate fea- 

ure space Z in which data points with the same label are dis- 

ributed compactly in either source and target domain in such a 

ay to make target labeling function f t work well on source data. 

Fig. 1 shows a toy example with hidden representations. Fig. 1 b 

hows a domain invariant method where the global distribution of 

ource (blue) and target (red) domain samples are indistinguish- 

ble. In contrast, our proposed class-conditional model embeds the 

istribution of source and target samples of the same class nearby 

s shown in Fig. 1 c. Moreover, since the sample distributions of 

ifferent classes are separated from each other, the true labeling 

unction f s and f t can be similar to each other. 

.1.2. Class-conditional loss function 

However, since there is no information about neither f t or la- 

els of samples of the target domain, the class-conditional distri- 

ution of the target domain is intractable. To overcome this obsta- 

le, we used the concept of soft assignment in feature space Z as 

n the t-distributed stochastic neighbor embedding which embeds 

imilar objects onto nearby points and dissimilar objects onto dis- 

ant points. To obtain the information of labels in the target do- 

ain, we alternatively used distance-based soft assignment q i j in 

epresentation space as an auxiliary label. We calculated the fol- 

owing q i j for each data i to measure the similarity between em- 

edded point z i and centroid μ j : 

 i j = 

e −α|| z i −μ j || 2 ∑ 

k e 
−α|| z i −μk || 2 (13) 

here q i j is the probability of assigning sample i to j and μ j is 

entroid of source domain samples on each classes in feature space 

. 

j = 

N j ∑ 

i =1 

z s i /N j 

here N j is the number of source data whose true label is j. 

ince we are calculating L 2 distance || z i − μ j || 2 on high dimen- 

ional data, we set α as the hyper parameter to prevent overflow 

roblems in empirical experiments. 

In our model z i are the data points of source and target do- 

ains in feature space Z and μ j is the centroid of data points of 

he source domain of each label j. Therefore q i j can be interpreted 

s an alternative auxiliary label of unlabeled data x t 
i 

based on simi- 

arity measure. Since domain adaptation assumes source and target 

omains are from different but similar distribution, we assumed 

hat soft assignment based on similarity measure reflects real la- 

els of target data. 

We expected that if we calculate soft assignment q i j in the ideal 

ointly aligned representation, the values of q i j would have high 
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Fig. 3. Illustration of mechanism of our method. Left figure shows initial embedding of single unlabeled target sample marked as U and right figure shows change of sample 

embedding after optimization. 
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onfidence of assigning the sample to one centroid, i.e., the prob- 

bility should be skewed to a single class. It is because the dis- 

ance between the closest centroid should be much closer than 

he others. Therefore, we thought if we could learn an embedding 

hat strengthens the prediction of soft assignment, then we can 

earn a compact representation that similar instances are embed- 

ed closely. 

To strengthen the prediction, we want to assign unlabeled tar- 

et data points x t 
i 

closer to labeled centroid μ j , so that data points 

f source data X s = (x s 
i 
, y s 

i 
= L j ) and target data X t = (x t 

i 
, y t 

i 
= L j )

ith the same labels L j are distributed more compactly. We used 

he concept of auxiliary target distribution p i j : 

p i j = 

(q i j ) 
n / 

∑ 

i (q i j ) 
n ∑ 

k (q ik ) n / 
∑ 

i (q ik ) n 
(14) 

here n is the hyper parameter which strengthens the auxiliary 

arget distribution suggested by Xie et al. [38] . We define similar- 

ty loss L s which minimizes KL divergence loss between q i j and 

p i j . Notice that minimizing KL-divergence in Eq. (14) can be in- 

erpreted as self-training as mentioned by Xie et al. [38] . This loss 

unction gives unlabeled target data higher confidence predictions 

ased on its distance as follows. 

 C C DI = KL (P || Q ) = 

∑ 

i 

∑ 

j 

p i j log 
p i j 

q i j 

(15) 

e refer our suggested loss function as CCDI (Compact Class- 

onditional Domain Invariant) loss function. 

Fig. 3 shows how our CCDI loss function works. As shown in the 

eft figure, the embedding of the target sample z i is not distributed 

lose to any centroid μ j . However, by optimizing the encoder in 

he direction of strengthening the assignment prediction, the em- 

edding of the target sample should be located close to its nearest 

entroid as the right figure. We can find in the figure that as soft 

ssignment q i j has higher confidence in the prediction, the embed- 

ing of the sample converges to the nearest centroid. In this paper, 

e tried to achieve this by minimizing (15) . 

.2. Model architecture 

The architecture of our suggested model is illustrated in Fig. 4 . 

ur model is composed of one feature encoder E g (x ; θg ) parame- 

erized by θg which maps source and target data X s and X t into 

idden representation z s and z t . Then there is a label classifier 

 f (z; θ f ) parameterized by θ f that predicts task specific label ˆ y i of 

ach x i . There is one more classifier C d (z; θd ) parameterized by θd 

hat distinguishes what kind of domain z is from. 

Our model is trained by minimizing the following loss function 

ith respect to parameters θg , θ f , and θd . 

 = L T + λD L D + λC C DI L C C DI (16) 
t

d
7 
he first loss function L T is supervised loss function that is applied 

o labeled source samples. This loss function is related to first to 

ourth terms of the (12) which implies empirical source error. It is 

ptimized by follows: 

in 

θ f ,θl 

L T (X s , E g , C f ) = −
N s ∑ 

i =1 

y s i · log ̂  y s i 

inimizing loss function L T trains feature encoder E g (x ; θg ) and 

abel classifier C f (z; θ f ) . It forces hidden representation z to better 

istinguish source data by label. It also trains the label classifier to 

redict the labels of source data. 

The loss function L D refers to the loss function suggested 

y previous domain invariant methods. It reduces empirical H- 

ivergence that is corresponding to the fifth and the sixth term 

n (12) . While any deep learning based domain invariant learning 

erm can be used as L D , we applied the most widely used adver-

arial training based methods (DANN [11] , CDAN [31] ) in our ex- 

eriment. The minimax optimization of adversarial domain invari- 

nt training [11] is as follows: 

ax 
θg 

min 

θd 

L D (X s , X t , E g , C d ) = −
N s + N t ∑ 

i =1 

d i log ˆ d i + (1 − d i ) log (1 − ˆ d i ) 

where d i is domain label for sample i . 

L C C DI is our suggested loss function introduced in (15) . This loss 

unction forces the model to learn more compact class-conditional 

istribution by strengthening the soft assignment q i j . We expect, 

y learning the compact class-conditional distribution, the true la- 

eling function f s and f t can be similar to each other and reduces 

he seventh term in the suggested empirical risk bound for domain 

daptation. 

in 

θg 

L C C DI (X s , X t , E g ) = 

∑ 

i 

∑ 

j 

p i j log 
p i j 

q i j 

The detailed procedure of the proposed method is presented in 

lgorithm 1 . 

. Experiments 

We evaluate our model on three different classification tasks. 

irst, we test the proposed framework on digit classification which 

s representative of the simplest tasks. Simultaneously, we show 

ow our theoretical insight contributes to the improvement of 

lassification performance. Next, we expand our experiment with 

ore complicated image recognition datasets. Finally, to generalize 

ur framework, we apply our algorithm to the sentimental classi- 

cation . In each task, we compare the results of our model and 

everal state-of-the-art methods with detailed analysis. The exper- 

ments are implemented in the PyTorch. 

In order to minimize L D in Eq. (16) , we basically adopt DANN 

11] as a domain invariant method. We call this method as CCDI in 

he experiment section. Further, we propose CCDI ∗ that follows the 

omain invariant paradigm of CDAN [31] . In each method, we also 
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Fig. 4. An overview of our proposed method. We introduce CCDI training framework that could train the encoder E g to have more compact representation considering label 

information. 

Algorithm 1: Compact Class-conditional Domain Invariant 

(CCDI). 

Input : source images and labels X s = { x s 
1 
, ..., x s 

N s 
} , 

Y s = { y s 
1 
, ..., y s 

N s 
} , target images X t = { x t 

1 
, ..., x t 

N t 
} . 

Output : encoder E g , label classifier C f , domain classifier C d . 

for 1,...,#epochs do 

z = { z s , z t } = E g ({ x s , x t } ) 
for j = 1 , ..., #classes do 

μ j = 

∑ 

i ∈ K z s i / | K| where K = { k | y s 
k 

= j} 
end 

// Task Loss 

ˆ y s = C f (z s ) 

L T = −∑ 

i y 
s 
i 
· log ̂  y s 

i 
// Domain Invariant Loss 

ˆ d = C d (z) 

L D = −∑ 

i d i log ˆ d i + (1 − d i ) log (1 − ˆ d i ) // Class conditional 

invariant Loss 

q i j = e −α|| z i −μ j || 2 / ∑ 

k e 
−α|| z i −μk || 2 

p i j = { (q i j ) 
n / 

∑ 

i (q i j ) 
n } / { ∑ 

k (q ik ) 
n / 

∑ 

i (q ik ) 
n } 

L C C DI = 

∑ 

i 

∑ 

j p i j log ( p i j / q i j ) // Update model weights with 

some optimizer, e.g. SGD 

L = L T + λD L D + λC C DI L C C DI 

θ = θ − ∇ θL 

end 
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se same settings from Ganin et al. [11] and Long et al. [31] for λD .

n addition, the performance did not vary greatly depending on the 

C C DI , the detailed analysis of the hyperparameters are in Fig. 7 . 

.1. Toy example 

.1.1. Experimental settings 

First of all, to verify the effect of our method, we do a sim- 

le experiment with MNIST and MNIST-M [11] . MNIST-M is a col- 

rized version of MNIST using background patches from the Berke- 

ey Segmentation Data Set (BSD500). To handle two datasets si- 

ultaneously, we stacked the images of MNIST to three channels, 

.g., 28 × 28 × 3 , unless otherwise stated. The encoder consists of 

wo convolution layers and two fully-connected layers. It maps 
8 
8 × 28 × 3 images to two-dimensional feature vectors. The reason 

hy we set the feature dimension as two is to visualize the de- 

ision boundary. Although we limit the dimension of feature vec- 

ors, the final accuracy of two digits (0 and 1) from MNIST achieves 

9.5% with the classifier of two fully-connected layers. 

The result is shown in Fig. 1 . With the model trained on only 

wo digits (0 and 1) from MNIST, we scatter examples of MNIST- 

(target) on the feature dimension marked as a circle. Each color 

ndicates 1(red) and 0(blue). In addition, we plot the decision 

oundary of the classifier and the center of MNIST(source) exam- 

les. The goal of this experiment is to distribute the red sample 

ear the red center and the blue sample to the blue center. The 

rrow in each figure shows the gradient of loss of the previous 

lass-conditional method [17] (left) and our method (right) on the 

ame model and examples. 

.1.2. Analysis 

The most widely used approach of learning class conditional 

istribution in domain adaptation is to use a label classifier to 

alculate the pseudo label of the target sample, and then mini- 

ize the distance between the sample means of source and target 

ata conditional to their labels. There have been studies that used 

ernel mapping [4,14–16,18] , or deep learning [17] based on this 

pproach. Fig. 2 a shows the gradient of each sample induced by 

he mean matching loss function. In this figure, we followed mean 

atching settings as [17] . The right figure shows the same results 

one by our method. 

As in Fig. 2 , compared to previous mean matching based meth- 

ds, our proposed method has two different points. First, the mean 

atching methods rely on the decision boundary of the source 

lassifier (black line), whereas our method focuses on the distance 

etween each sample and two centers. However, since the decision 

oundary between source and target domain is different in domain 

daptation settings, it has the problem of false pseudo labels. In 

he center of Fig. 2 a, in the case when the classifier misclassifies 

arget samples (blue samples in the red area), the previous meth- 

ds make the examples with false pseudo label moves to the op- 

osite center which is a completely wrong direction. However, in 

ig. 2 b, we can find that our method better indicates the correct 

radient direction. 
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Table 1 

Classification accuracy (%) on digit datasets for domain adaptation. 

Methods MNIST −→ MNIST-M MNIST −→ USPS SVHN −→ MNIST Avg 

Source Only 49.9 75.2 69.6 64.9 

DANN [11] 76.7 77.7 71.4 75.2 

DSN [12] 83.2 - 82.8 83.0 

ADDA [13] - 90.1 76.0 83.1 

CCDI (Ours) 93.6 98.8 82.1 91.5 
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Second, while mean matching methods take into account the 

verall mean of samples of a pseudo class, our method considers 

ach sample to learn a class conditional distribution. This can be 

ound in the left figure that the samples in the same boundary 

ave identical gradients, regardless of the location of each sample. 

herefore, in this case, it may enforce a large negative effect on the 

odel if there exists a false pseudo label. This phenomenon can 

ead to unstable learning of the whole model, especially in the ini- 

ial periods of training. On the other hand, our method reasonably 

ssigns different sizes of the gradient to the examples in inverse 

roportion to the distance to the source center by considering the 

istribution as shown in the right figure. 

.2. Digit classification 

.2.1. Setup 

In this experiment, we use four different digit datasets: MNIST, 

NIST-M, USPS, and SVHN. All of these datasets have 10 dig- 

ts (0 ∼9) as labels. USPS comprises handwritten address data in 

rayscale 16 × 16 pixel images. SVHN consists of house number 

igns from Google Street View in three channels 32 × 32 pixel im- 

ges. 

We test our method on three transfer tasks : MNIST −→ MNIST- 

, MNIST −→ USPS and SVHN −→ MNIST. The first task MNIST 

 MNIST-M can be interpreted as a real world application of a 

rayscale image to a color image. The second task MNIST −→ USPS 

ests how our suggested algorithm can handle different sizes of 

ata. At last, SVHN −→ MNIST evaluates transferring knowledge be- 

ween complicated datasets and simple datasets in real world ap- 

lications. 

We compare our method with four different methods: (i) 

ource Only: the model used only labeled source data for training 

ithout domain adaptation, (ii) DANN: Domain Adversarial Neu- 

al Networks [11] , (iii) DSN: Domain Separation Networks [12] , (iv) 

DDA: Adversarial Discriminative Domain Adaptation [13] . 

For digit classification experiments, we use a custom design 

etwork. The encoder consists of two convolution layers and two 

ully-connected layers. After each of the convolution layers, we add 

he batch-norm layer, max-pool layer, and ReLU as an activation 

unction. The label classifier and domain classifiers use only fully- 

onnected layers with ReLU. 

In addition, we use Adam as an optimizer with (β1 , β2 ) = 

0 . 9 , 0 . 999) . The learning rate initially set to 0.001 and decreases

% for every epoch. We set α in Eq. (13) as 0.1 and batch size is

xed as 200. Again, all images are rescaled to 28 × 28 × 3 . 

.2.2. Results 

Classification performance. The results of accuracy on the test 

ata are shown in Table 1 . Our suggested model achieves the best 

esults on tasks MNIST −→ MNIST-M and MNIST −→ USPS except for 

VHN −→ MNIST. Especially, in the first two tasks, our model out- 

erformed others with over 90% accuracy. In the case of SVHN −→ 

NIST, although DSN shows the highest accuracy, the performance 

f the proposed model is similar to DSN. We carefully speculate 

hat it’s because of the characteristic of SVHN that contains several 

umbers in one image. In addition to these results, the total aver- 
9 
ge of the three tasks is 21.7% increased from DANN. Thus we can 

onclude that our class-conditional loss function has conspicuously 

ncreased the performance of domain adaptation. 

Embedding Visualization. The purpose of our suggested model 

s to learn a representation in which features in the same class in 

wo domains are expected to be mapped nearby so that the clas- 

ifier trained on source data can be applied well on target data. To 

erify our suggested model has been well trained as we intended, 

e visualize the hidden embedding of source and target data. 

Fig. 5 illustrates feature space Z in three experiments. We vi- 

ualize hidden representation of source domain h s and target do- 

ain h t by using t-SNE. Samples from the source domain are rep- 

esented by ×, from the target domain by ◦ and from the centroid 

j by ♣ . Labels of each sample are illustrated in different colors. 

ach row represents visualization results of MNIST −→ MNIST-M, 

NIST −→ USPS and SVHN −→ MNIST from top to bottom. Each col- 

mn represents results of Source Only, DANN, and the proposed 

odel from left to right. 

In the task of MNIST −→ MNIST-M, we can easily see that vi- 

ualization results of Source Only separately embedded source and 

arget samples. The embedding of source samples and target sam- 

les are separately located. In this case, the classifier is unable to 

lassify target samples with a classifier trained on source samples. 

n fact, this is already reflected in Table 1 . Source Only shows 49.9%

f accuracy on the task MNIST −→ MNIST-M. 

In the case of DANN, the global distribution of source and tar- 

et domain samples is more mixed than before. However, as this 

odel does not consider compact class-conditional alignment, the 

oint distribution (a distribution with the same colors) is not com- 

actly embedded. 

In contrast, our model shows a compact class-conditional visu- 

lization of source and target representations. We can easily find 

ut that samples from different labels (colors) are distributed sep- 

rately, while samples from the same labels are compactly embed- 

ed near each centroid. In this embedding space, the classifier is 

ble to fit both source and target domain samples, which leads to 

he best performance of 93.6%. 

The results of other tasks show a similar tendency to MNIST −→ 

NIST-M. In the task MNIST −→ USPS, Source Only shows better 

istribution than MNIST −→ MNIST-M. This can be interpreted as 

he evidence of this MNIST −→ USPS is an easier task than MNIST 

 MNIST-M and Source Only actually shows the high accuracy of 

6.7%. 

Spectral Analysis of Embedding Vectors. In the previous sec- 

ion, we visually verify that our suggested model makes a compact 

epresentation where data points are converged into each centroid 

. As shown in Eq. (15) , we tried to make embedding z i close to

he nearest centroid μ j . In this way, we can learn a compact rep- 

esentation that source and target data in label j are mapped close 

o centroid μ j . 

Now, in this section, we quantitatively show that our method 

ncourages an encoder to map in the same class nearby. First, we 

ry to compare distributions whether each data is actually located 

ear to its labeled centroid μ. 

Let q s 
i j 

denotes q i j of the source data and q t 
i j 

denotes q i j of the

arget data. As shown before, the value of q i j indicates the proba- 

ility of assigning sample z i to centroid j based on similarity mea- 

ures. If a sample z i is closely embedded to one centroid μ j , then 

he value of q i j will be close to one and other q i j ′ will be close to

ero. When a sample z i is not embedded near any of the centroids, 

hen every value of the q i j will be equally distributed to 1 /L where

 is the number of classification labels. 

We illustrate a Histogram to visualize the distribution of the 

alues in soft assignment q i j in Fig. 6 . In this figure, we use a dis-

ribution of q i j in a single batch which is 200 samples and used 

requency as a log scale. As it shows in the bottom row which 
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Fig. 5. t-SNE visualization of hidden representation of source domain h s and target domain h t . Sample from source domain is represented in ×, target domain in ◦ and 

centroid μ j is in ♣ . Label of each samples is illustrated as different colors. Each row represents visualization results of MNIST −→ MNIST-M, MNIST −→ USPS, and SVHN −→ 

MNIST from top to bottom. Each column represents Fig. 5 a: Source Only, Fig. 5 b : DANN, and Fig. 5 c: our suggested model. 
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Table 2 

Entropy of embedding vectors for each model. 

Entropy 

MNIST −→ MNIST-M MNIST −→ USPS SVHN −→ MNIST 

q s 
i j 

q t 
i j 

q s 
i j 

q t 
i j 

q s 
i j 

q t 
i j 

Source Only 0.0758 0.1577 0.0024 0.0112 0.0543 0.0478 

DANN [11] 0.1035 0.1861 0.0112 0.0072 0.0710 0.0279 

CCDI (Ours) 0.0126 0.0207 0.0044 0.0049 0.0096 0.0028 
s our method, the values of q i j from our model are concentrated 

round zero and one compared to Source Only and DANN. These 

esults show that each embedding vector is distributed near the 

enter of the corresponding label. These results also correspond 

ith the result of MNIST −→ USPS. As we can see in Fig. 5 , all three

ethods successfully learned class-conditional distribution in this 

xperiment settings. As a result, the Histogram of all three differ- 

nt methods are similar ( q i j values are concentrated on zero and 

ne). 

Furthermore, to quantitatively show that the value of our prob- 

bility soft assignment q i j is more concentrated on zeros and ones, 

e calculate information entropy of each embedding vectors as fol- 

ows. 

ntropy (q ) = 

∑ 

−q i j log(q i j ) 

Entropy is the negative logarithm of the probability mass func- 

ion for the value. It can be a measure of the unpredictability of 

he state. If the probability distribution is deterministic, entropy 

ould be low, and it gets high when the distribution is uniform. 

n this case, when the entropy of the q i j is low, it indicates the
10 
oft assignment is more deterministic. In other words, embedding 

ample z i is closely mapped into single centroid μ j . 

In Table 2 , entropy values of three experiments are summa- 

ized. Our suggested model showed the lowest value in all ex- 

eriments except for source data q s 
i j 

in MNIST −→ USPS. Again, 

NIST −→ USPS is the easiest task so that Source Only is enough 

o reach the ideal mapping without any additional methods. This 

esult shows the same conclusion with the above visualization re- 

ults that each embedding vector is distributed near to the center 

f the corresponding label. 
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Fig. 6. Histogram of embedding vectors q i j in three digit classification experiments. We used distribution of q i j in a single batch which is 128 data samples and used 

frequency as log scale. q s 
i j 

and q t 
i j 

refers to q i j in source and target data respectively. The top row shows the result of Source Only, the second row is DANN, and the bottom 

is our model. The left two column are the results on MNIST −→ MNIST-M, the middle two column are the results on MNIST −→ USPS and the right two column are the results 

on SVHN −→ MNIST. The caption of each column (a)-(f) indicates target dataset on each task and q i j of source or target. 
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.3. Image classification 

.3.1. Setup 

Among widely used image datasets, we choose Office-31, Office- 

ome, Office-Caltech, and VisDA-2017. Office-31 contains 31 classes 

rom three domains: Amazon (A), Webcam (W), and DSLR (D). Ama- 

on images are gathered from amazon.com, Webcam and DSLR are 

aken by a camera. On the other hand, Office-Home consists of 

ore difficult images from four domains: Art images (A), Clip Art 

C), Product images (P), and Real-World images (R). Office-Caltech 

ontains 10 common categories between the Office-31, and Cal- 

ech256, i.e., Amazon (A), Webcam (W), DSLR (D) and Caltech (C). 

isDA-2017 is a little different dataset from the previous two. For 

ach of the 12 classes, there are two distinct domains: synthetic 

nd real images. Synthetic images are gathered from 3D models 

nd real images are a collection of real world dashcam images. 

In this experiment, we test all possible transfer tasks except 

idsa-2017. For Office-31, there are six tasks A −→ W, A −→ D, W −→ A, 

 −→ D, D −→ A D −→ W. Similarly, 12 tasks are considered in Office- 

ome and Office-Caltech in total. In the case of Vidsa-2017, we use 

ynthetic images to train models and test them with real images 

cross 12 classes. 

We use different sets of methods for a thorough comparison 

ith state-of-the-art methods in each dataset that shared the same 

xperimental setting as ours (ResNet-50 and ResNet-101). Follow- 

ng methods are compared: DAN [5] , RTN [39] , DANN [11] , ADDA

13] , JAN [30] , GTA [40] , CDAN [31] , 3CATN [35] , BSP [41] , PACET

27] , and SPL [28] . 

PACET and SPL had a slightly different experimental setting as 

urs. These methods are not end-to-end deep learning methods, 

o they used an additional feature extractor (fine-tuned ResNet 50) 
i

11 
or dimension reduction. Nevertheless, we have added the results 

o Table 3 and 4 for thorough method. 

We adopt ResNet-50 for Office datasets and ResNet-101 for 

isda-2017 as an encoder. We optimized the network by using SGD 

ith momentum 0.9 and weight decay 0.0 0 05. α in Eq. (13) is set

o 100 and batch size is fixed as 36. The results in image classifica- 

ion of our methods are reported as an average over 10 runs with 

andom initialization. 

While we have compared our method with deep learning based 

omain adaptation methods on large image dataset Office-31, 

ffice-Home, and VISDA, we also compared our method with ker- 

el mapping based methods on Office-Caltech dataset. For Office- 

altech, we use 4096 dimensional DeCAF6 [29] features. We com- 

ared with five previous kernel mapping methods: DAN [5] , LSC 

14] , JGSA [15] , MEDA [16] , DLA-DA [42] , SPL [28] , and GKE [25] . 

.3.2. Results 

Classification performance 

The experimental results on Office datasets are shown in 

ables 3, 4 . Compared to the other methods, our method (CCDI ∗) 

hows the best performance in overall Office-31 tasks as shown in 

able 3 . Our method achieves the highest accuracy on four tasks. 

ocusing more on our model, we can see the proposed method in- 

reases average classification accuracy 5.4%p (82.2% to 87.6%) and 

.4%p (86.6% to 90.0%) over DANN and CDAN respectively. Here, su- 

erscript ∗ is given to the data if the result of our method is signif- 

cantly better than baseline methods (DANN and CDAN) supervised 

y Wilcoxon signed rank test with the level of the significance α
s 0.05. The great aspect of our method is that performance im- 

rovements have been significantly observed for all tasks. Among 

hem, on the task A −→ D, our method contributes tremendously to 

mprove DANN as much as 14.6%. 
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Table 3 

Classification accuracy (%) on Office-31(ResNet-50). Here, superscript † is given to the methods that use pre- 

processed features. 

Methods A −→ W D −→ W W −→ D A −→ D D −→ A W −→ A Avg 

Source Only 68.4 ±0.2 96.7 ±0.1 99.3 ±0.1 68.9 ±0.2 62.5 ±0.3 60.7 ±0.3 76.1 

DAN [5] 80.5 ±0.4 97.1 ±0.2 99.6 ±0.1 78.6 ±0.2 63.6 ±0.3 62.8 ±0.2 80.4 

RTN [39] 84.5 ±0.2 96.8 ±0.1 99.4 ±0.1 77.5 ±0.3 66.2 ±0.2 64.8 ±0.3 81.6 

DANN [11] 82.0 ±0.4 96.9 ±0.2 99.1 ±0.1 79.7 ±0.4 68.2 ±0.4 67.4 ±0.5 82.2 

ADDA [13] 86.2 ±0.5 96.2 ±0.3 98.4 ±0.3 77.8 ±0.3 69.5 ±0.4 68.9 ±0.5 82.9 

JAN [30] 85.4 ±0.3 97.4 ±0.2 99.8 ±0.2 84.7 ±0.3 68.6 ±0.3 70.0 ±0.4 84.3 

GTA [40] 89.5 ±0.5 97.9 ±0.3 99.8 ±0.4 87.7 ±0.5 72.8 ±0.3 71.4 ±0.4 86.5 

CDAN [31] 93.1 ±0.2 98.2 ±0.2 100.0 ±0.0 89.8 ±0.3 70.1 ±0.4 68.0 ±0.4 86.6 

CDAN + E [31] 94.1 ±0.1 98.6 ±0.1 100.0 ±0.0 92.9 ±0.2 71.0 ±0.3 69.3 ±0.3 87.7 

3CATN [35] 95.3 ±0.2 99.3 ±0.5 100.0 ±0.0 94.1 ±0.3 73.1 ±0.2 71.5 ±0.6 88.9 

BSP [41] 93.3 ±0.2 98.2 ±0.2 100.0 ±0.0 93.0 ±0.2 73.6 ±0.3 72.6 ±0.3 88.5 

PACET † [27] 89.1 97.6 99.8 90.8 73.5 73.6 87.4 

SPL † [28] 92.7 98.7 99.8 93.0 76.4 76.8 89.6 

CCDI 93.5 ±0 . 3 ∗ 98.4 ±0 . 2 ∗ 100.0 ±0.0 ∗ 91.9 ±0 . 5 ∗ 72.4 ±0 . 4 ∗ 69.8 ±0 . 5 ∗ 87.6 

CCDI ∗ 95.3 ±0 . 3 ∗ 98.5 ±0 . 2 ∗ 100.0 ±0.0 95.2 ±0.1 ∗ 76.6 ±0.2 ∗ 74.5 ±0 . 2 ∗ 90.0 

Table 4 

Classification accuracy (%) on Office-Home. Here, superscript † is given to the method that uses pre-processed features. 

Methods A −→ C A −→ P A −→ R C −→ A C −→ P C −→ R P −→ A P −→ C P −→ R R −→ A R −→ C R −→ P Avg 

Source Only 34.9 50.0 58.0 37.4 41.9 46.2 38.5 31.2 60.4 53.9 41.2 59.9 46.1 

DAN [5] 43.6 57.0 67.9 45.8 56.5 60.4 44.0 43.6 67.7 63.1 51.5 74.3 56.3 

DANN [11] 45.6 59.3 70.1 47.0 58.5 60.9 46.1 43.7 68.5 63.2 51.8 76.8 57.6 

JAN [30] 45.9 61.2 68.9 50.4 59.7 61.0 45.8 43.4 70.3 63.9 52.4 76.8 58.3 

CDAN [31] 49.0 69.3 74.5 54.4 66.0 68.4 55.6 48.3 75.9 68.4 55.4 80.5 63.8 

CDAN + E [31] 50.7 70.6 76.0 57.6 70.0 70.0 57.4 50.9 77.3 70.9 56.7 81.6 65.8 

BSP [41] 52.0 68.6 76.1 58.0 70.3 70.2 58.6 50.2 77.6 72.2 59.3 81.9 66.3 

SPL † [28] 54.5 77.8 81.9 65.1 78.0 81.1 66.0 53.1 82.8 69.9 55.3 86.0 71.0 

CCDI 49.8 ∗ 66.9 ∗ 74.7 ∗ 52.1 ∗ 64.2 ∗ 64.2 ∗ 54.6 ∗ 49.3 ∗ 73.9 ∗ 68.6 ∗ 55.6 ∗ 79.4 ∗ 62.8 

CCDI ∗ 55.2 ∗ 73.6 78.8 ∗ 63.5 ∗ 72.6 ∗ 73.4 ∗ 63.9 ∗ 53.8 ∗ 79.3 ∗ 74.5 ∗ 60.6 ∗ 83.6 ∗ 69.4 

Table 5 

Classification accuracy (%) on Office-Caltech. 

Methods C −→ A D −→ A W −→ A A −→ C D −→ C W −→ C A −→ D C −→ D W −→ D A −→ W C −→ W D −→ W Avg 

Source only 91.9 87.1 83.8 83.0 79.0 73.0 87.4 87.1 100.0 79.5 93.7 97.7 86.9 

DAN [5] 92.0 90.0 92.1 84.1 80.3 81.2 91.7 89.3 100.0 91.8 90.6 98.5 90.1 

LSC [14] 94.3 92.4 93.3 87.9 86.2 88.0 95.0 95.3 100.0 88.8 91.2 99.3 92.6 

JGSA [15] 91.4 92.0 90.7 84.9 86.2 85.0 88.5 93.6 100.0 81.0 86.8 99.7 90.0 

MEDA [16] 93.4 93.2 99.4 87.4 87.5 93.2 88.1 91.1 99.4 88.1 95.6 97.6 92.8 

FSDA [6] 92.8 89.3 87.6 88.3 80.0 80.1 88.0 91.1 99.4 82.7 88.8 98.0 88.8 

DLA-DA [42] 93.9 91.5 92.6 88.1 84.8 85.8 89.8 87.9 100.0 89.8 91.2 100.0 91.3 

GKE [25] 93.5 93.5 94.4 88.4 83.8 88.9 99.7 94.3 100.0 97.6 98.3 99.7 94.3 

SPL [28] 92.7 93.0 92.0 87.4 88.6 87.0 89.2 98.7 100.0 95.3 93.2 98.6 93.0 

CCDI ∗ 94.7 94.0 93.7 88.7 87.7 88.5 97.8 95.7 100.0 95.7 94.8 100.0 94.3 
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In Table 4 , our proposed method also shows performance im- 

rovement of about 4%p compared to DANN and CDAN. In this ex- 

eriment, SLP shows slightly better performance (1.6%) compared 

o ours. However, as mentioned above, considering SPL has dif- 

erent experimental settings with ours, it is difficult to say that 

he performance difference is significant. Nevertheless, among the 

eep learning based methods, our method outperformed other 

ethods in all 12 experiments. 

Similarly, in Office-Caltech, our proposed method shows the 

est results on 10 tasks out of 12 as shown in Table 5 . GKE shows

he same average performance compared to the proposed method. 

owever, we note that there is a critical difference between GKE 

nd others. To train GCN, GKE must use all target images to pre- 

ict their labels in the training session. In this respect, GKE might 

roduce better feature embedding, but it has a disadvantage in 

redicting the labels of new inputs on the target domain since it 

eeds to reconstruct the graph of the target samples. 
e

12 
The results of Visda-2017 are shown In Tables 6 and 7 . 

able 6 shows the accuracy of each class and increased perfor- 

ance by adopting our method. Similar to Office datasets, we can 

ee the proposed method improves the performance of each do- 

ain invariant methods on almost all data. Even though our model 

as greatly reduced accuracy for certain data, we can see that 

he average accuracy has improved from Table 7 . In addition, we 

an see the feasibility of the proposed model in the fact that the 

verage of the performance has been increased from based do- 

ain invariant methods close to the highest performance that BSP 

howed. 

Additional analysis We have done sensitivity analysis for hy- 

erparameters λC C DI and n in Eqs. (16) and (14) , respectively 

 Fig. 7 ). In Fig. 7 a, we can find that model performance did not

ary greatly depending on value of λC C DI in range of 10 −5 ∼ 10 2 . 

owever, if the hyperparameter exceeds 10 2 , the model perfor- 

ance degrades significantly. Fig. 7 b depicts the results on differ- 

nt values of n . The performance of our model is not sensitive on 
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Table 6 

Classification accuracy (%) and performance change (%p) on Visda-2017. Numbers in 

bold indicates positive changes. 

Tasks DANN [11] CDDI � CDAN [31] CCDI ∗ �

Plane 86.3 88.2 1.9 83.5 89.2 5.7 

Bcycl 63.1 67.3 4.2 66.3 69.9 3.6 

Bus 71.5 73.8 2.3 79.8 79.5 −0.3 

Car 43.5 55.1 11.6 61.3 57.4 −3.9 

Horse 84.9 88.8 3.9 83.1 88.2 5.1 

Knife 24.5 39.0 14.5 48.5 68.9 20.4 

Mcycl 83.3 86.5 3.2 89.1 89.2 0.1 

Person 72.8 76.3 3.5 73.0 73.9 0.9 

Plant 85.4 88.0 2.6 88.3 86.4 −1.9 

Sktbrd 64.4 43.7 −20.7 56.6 72.7 16.1 

Train 75.0 80.0 5.0 74.5 82.8 8.3 

Truck 39.2 40.0 0.8 38.6 33.8 −4.8 

Avg 66.2 68.9 2.7 70.2 74.3 4.1 

Table 7 

Classification accuracy (%) on Visda-2017. 

Methods Source Only DAN [5] DANN [11] MCD [32] CDAN [31] BSP [41] CCDI CCDI ∗

Avg 52.4 61.1 66.2 71.9 70.2 75.9 68.9 74.3 

Table 8 

Classification accuracy (%) on Amazon review dataset. 

Methods B −→ D B −→ E B −→ K D −→ B D −→ E D −→ K E −→ B E −→ D E −→ K K −→ B K −→ D K −→ E Avg 

Source Only 76.0 70.0 74.0 73.6 70.9 73.2 67.9 69.2 82.4 67.8 70.2 81.6 73.1 

SCL [19] 79.4 76.8 80.1 77.3 78.1 80.3 71.5 74.5 84.8 73.0 76.3 84.0 78.0 

DANN [11] 78.4 73.3 77.9 72.3 75.4 78.3 71.3 73.8 85.4 70.9 74.0 84.3 76.3 

CCDI 80.6 ±0.2 ∗ 78.6 ±0.3 ∗ 78.0 ±0.3 80.0 ± 0.2 ∗ 78.7 ±0.4 ∗ 78.2 ±0.3 78.7 ±0.2 ∗ 74.6 ±0.1 ∗ 85.2 ±0.4 74.4 ±0.2 ∗ 73.7 ±0.5 84.5 ±0.3 78.8 

Table 9 

CPU running time(s) per epochs on Office 31 data. 

DANN CDAN CCDI CCDI ∗

time(s) 0.475 0.477 0.466 0.49 
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he value of n . We used grid search to select the hyperparameters. 

he sensitive analysis on λD is illustrated in Fig. 7 c. We can find 

hat our model shows best performance when the value of the λD 

s between 10 0 and 10 1 . 

We have also measured the running time of our method in the 

ask A → D on the Office 31 data. It is summarized in Table 9 .

he experiments were conducted on Xeon Gold 6126 CPU 2.60GHz 

ith 256 GB of RAM. The running time per epoch of our model 

CDI was 0.477 seconds. It was also the same as the running time 

f DANN which was 0.475 seconds. Results of CCDI ∗ and CDAN 

ere 0.490 and 0.466 seconds, respectively. Since our computa- 

ional complexity of the proposed loss function is O (n ) , it did 

ot increase the running time. We can conclude that our method 
Fig. 7. Sensitivity of the parameters λC C D

13 
hows better performance than baseline methods without sacrific- 

ng computational time. 

.4. Sentimental classification 

.4.1. Setup 

Among various categories, four categories that are mainly used 

n domain adaptation experiments are selected from the Ama- 

on review dataset: Book(B), DVD(D), Kitchen(K), and Electron- 

cs(E). Based on these categories, all possible tasks are gen- 

rated. Thus, a total of twelve tasks are considered in this 

xperiment. 

From the original review data, we first split sentences by words 

nd make numerical vectors with Bag Of Words. Then, we use TF- 

DF and Truncated SVD for generating non-sparse inputs. Through 

his process, we can get 200 dimensional vectors. For the test set, 

e apply the same pre-processing method with trained Bag Of 

ords, TF-IDF, and truncated SVD. 

To simplify the tasks, we transform review scores between 1 

nd 5 to 0 and 1. This new sentiment labels, regarding scores of 1 
I , n and λD on tasks on Office-31. 



W. Lee, H. Kim and J. Lee Pattern Recognition 112 (2021) 107763 

Fig. 8. Visualization of the Amazon review dataset. In each dataset, the top row is the result of DANN and the bottom is ours. 
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nd 2 as a negative sentiment(0) and scores of 4 and 5 as a posi-

ive sentiment(1). Scores of 3 are truncated. Then, we compare our 

ethod with three different methods: Source Only, SCL [19] , and 

ANN [11] . An encoder in this experiment we construct two fully 

onnected layers with ReLU and Adam with a learning rate 0.001 

s used without any decay. We set α = 1 in Eq. (13) . 

.4.2. Results 

Classification performance. Table 8 shows the results of sen- 

imental classification. We calculate the classification accuracy of 

welve domain adaptation experiments in the Amazon review 

ataset. Our method shows the best performance in eight domain 

daptation experiments. However, in B −→ K, D −→ K, E −→ K, and K −→ D, 

CL and DANN achieve better results. 

Embedding visualization. We visualize feature spaces of source 

nd target domain after applying t-SNE. Fig. 8 shows the visual- 

zation results. The blue cross corresponds to a positive source, 

he blue circle corresponds to a negative source, and the target 

omain is colored red. The support regions of the source and 

arget domains are separated in the visualization results of our 

ethod. Compared to DANN, we can find that our suggested class- 

onditional training loss function learns a data distribution where 

he same classes are aligned across two different domains. There- 

ore, we presumed that the performance degradation in three ex- 

eriments in Table 8 is caused by other factors such as limitations 

n the pre-processing of review sentences rather than the malfunc- 

ion of the proposed framework. 

. Conclusion & future works 

In this paper, we proposed a class-conditional domain invariant 

earning for domain adaptation. We presented a new generaliza- 

ion upper bound for domain adaptation the motivates the need 

or class-conditional domain invariant learning. Then we suggested 

 novel algorithm that can learn class-conditional domain invari- 

nt representation without using the information of target domain 

abels. 
14 
Our method is straightforward in that it does not require any 

pecific complex network structure. It can be easily applied to any 

revious deep learning based domain-invariant methods and forces 

he model to learn class-conditional alignment. Besides, since clas- 

ifiers in early epochs do not guarantee that it will provide ap- 

ropriate pseudo labels for target samples, our method deviates 

rom the problem of false pseudo labels by using soft assignment 

f each sample as label information of target data. Moreover, be- 

ond the joint alignment of the distribution, the proposed method 

llows the encoder to form a compact distribution near each cen- 

roid. The experimental result on the toy dataset shows the advan- 

age of our proposed method on learning class conditional distri- 

ution over previous mean matching methods. 

We experimented our algorithm on various classification tasks: 

igit classification (MNIST, USPS, MNIST-M, and SVHN), object clas- 

ification (Office 31, Office-Home, Office-Caltech, and VISDA), and 

entimental classification (Amazon review). Classification results 

how that our method outperforms previous state-of-the-art meth- 

ds. Moreover, feature visualization results and spectral analysis 

how that our model mapped features of source and target domain 

imilar to the centroid of their corresponding labels than that ob- 

ained from previous methods. 

While our method focuses on standard domain adaptation 

roblems, there exists a variant of domain adaptation called het- 

rogeneous domain adaptation [43,44] . It addresses the problem 

here data in different domains are sampled from not only differ- 

nt data distributions but also different types of features with in- 

ependent dimensionalities [45] . For example, the source domain 

s image data, whereas the target domain is text data. Hence, be- 

ause the underlying assumptions about the data space are differ- 

nt, the problem to be solved is also different; Our problem seeks 

 transferable model while Qi et al. [43] seek a suitable distance 

etric. Our method can be extended to heterogeneous problems 

hen the generalization bound for heterogeneous space is avail- 

ble, which leaves as future work. 
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ppendix A 

1. Proof of Theorem 1 

roof. 

D t ( f ◦ g) = εD t ( f ◦ g, f t g ◦ g) = εD s ( f ◦ g, f t g ◦ g) 
+ εD t ( f ◦ g, f t g ◦ g) − εD s ( f ◦ g, f t g ◦ g) 

≤ εD s ( f ◦ g, f t g ◦ g) + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 

= E x ∼D s [ ‖ f ◦ g(x ) − f t g ◦ g(x ) ‖ K ] + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 

= E x ∼D s [ ‖ f ◦ g(x ) − f s g ◦ g(x ) + f s g ◦ g(x ) − f t g ◦ g(x ) ‖ K ] 

+ 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
≤ E x ∼D s [ ‖ f ◦ g(x ) − f s g ◦ g(x ) ‖ K ] 

+ E x ∼D s [ ‖ f s g ◦ g(x ) − f t g ◦ g(x ) ‖ K ] + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
≤ εD s ( f ◦ g, f s g ◦ g) + εD s ( f s g ◦ g, f t g ◦ g) 

+ 

1 
2 

d H g �H g 
(D 

s , D 

t ) 

= εD s ( f ◦ g) + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
+ E x ∼D s [ ‖ f s g ◦ g(x ) − f t g ◦ g(x ) ‖ K ] 

= εD s ( f ◦ g) + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
+ E z ∼D s Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] 

ince D 

s 
Z and D 

t 
Z are two distributions over Z induced by the rep- 

esentation function g : X −→ Z ∈ G and f s g ◦ g = c s and f t g ◦ g = c t .

imilarly, we have 

D t ( f ◦ g) = εD t ( f ◦ g, f t g ◦ g) = E x ∼D t [ ‖ f ◦ g(x ) − f t g ◦ g(x ) ‖ K ] 

= E x ∼D t [ ‖ f ◦ g(x ) − f s g ◦ g(x ) + f s g ◦ g(x ) − f t g ◦ g(x ) ‖ K ] 

≤ E x ∼D t [ | h (x ) − f s g ◦ g(x ) | ] 
+ E x ∼D t [ | f s g ◦ g(x ) − f t g ◦ g(x ) | ] 

= εD t ( f ◦ g, f s g ◦ g) + εD t ( f s g ◦ g, f t g ◦ g) 
= εD s ( f ◦ g, f s g ◦ g) + εD t ( f ◦ g, f s g ◦ g) 

−εD s ( f ◦ g, f s g ◦ g) + εD t ( f s g ◦ g, f t g ◦ g) 

≤ εD s ( f ◦ g, f s g ◦ g) + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
+ εD t ( f s g ◦ g, f t g ◦ g) 

= εD s ( f ◦ g) + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
+ E x ∼D t [ ‖ f s g ◦ g(x ) − f t g ◦ g(x ) ‖ K ] 

= εD s ( f ◦ g) + 

1 
2 

d H g �H g 
(D 

s , D 

t ) 
+ E z ∼D t Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] 

�

2. Proof of Theorem 2 

roof. We first define the margin ρ f (x, y ) at a source labeled ex- 

mple (x , y ) by 

f (x , y ) = 

{
01 if y = f ◦ g(x ) 
−1 otherwise 

hus, f ◦ g misclassifies (x , y ) iff ρ f (x , y ) ≤ 0 . For any 0 < ρ <

 , we define the empirical margin loss for multi-class classification 

y 

ˆ S,ρ ( f ◦ g) := 

1 

m 

m ∑ 

i =1 


ρ(ρ f (x i , y i )) 
15 
≤ 1 

m 

m ∑ 

i =1 

1 ρ f (x i , y i ) ≤ρ = ˆ εD s ( f ◦ g) 

here �ρ is the margin loss function defined by 

ρ (x ) = 

{ 

0 if ρ ≤ x 
1 − x/ρ if 0 ≤ x ≤ ρ
1 if x ≤ 0 

his upper bound is the fraction of the source data points that 

ave been misclassified by or correctly classified with confidence 

ess than or equal to ρ . 

To derive an empirical risk bound of εD s ( f ◦ g) , we observe 

hat 

f, + (x , y ) := 1 y = f◦g(x ) − max 
y ′ ∈Y K 

(1 y ′ = f◦g(x ) − 2 ρ1 y ′ = y ) 

= 

{
min { 2 ρ, 1 } if y = f ◦ g(x ) 
−1 otherwise 

e have ρ f, + (x , y ) ≤ ρ f (x , y ) and so E [1 ρ f (x , y ) ] ≤ E [1 ρ f, + (x , y ) ] .

lso we have 
ρ(ρ f, + (x i , y i )) = 
ρ(ρ f (x i , y i )) by the definition

f 
ρ . 

Now let ˜ F ρ = { (x , y ) 
→ ρ f, + (x , y ) : f ∈ F} . By theorem 3.3 in

37] , for any δ > 0 , with probability at least 1 − δ, for all f ∈ F: 

 [
ρ(ρ f, + (x , y ))] ≤ 1 

m 

m ∑ 

i =1 


ρ(ρ f, + (x i , y i )) + 2 � m 

(
ρ ◦ ˜ F ρ ) 

+ 

√ 

log 1 
δ

2 m 

. 

he slope of the function 
ρ defining the margin loss is at 

ost 1 /ρ, thus 
ρ is 1 /ρ-Lipschitz and so � m 

(
ρ ◦ ˜ F ρ ) ≤
1 
ρ � m 

( ̃  F ρ ) by Talagrand’s lemma. Since 1 u ≤0 ≤ 
ρ(u ) for all u ∈ 

 , εD s ( f ◦ g) = E [1 ρ f (x , y ) ] ≤ E [1 ρ f, + (x , y ) ] ≤ E [
ρ(ρ f, + (x , y ))] , and

ρ (ρ f, + (x i , y i )) = 
ρ(ρ f (x i , y i )) , we have for any δ > 0 , with

robability at least 1 − δ, for all f ∈ F: 

D s ( f ◦ g) ≤ 1 

m 

m ∑ 

i =1 


ρ(ρ f (x i , y i )) + 

2 

ρ
� m 

( ˜ F ρ ) 

+ 

√ 

log 1 
δ

2 m 

. 

ext to derive an upper bound of � m 

( ̃  F ρ ) , we observe the follow-

ng, similarly to the proof of theorem 9.2 in [37] : 

 m 

( ̃  F ρ ) = 

1 

m 

E S,σ

[ 

sup 

f∈F 

m ∑ 

i =1 

σi ρ f, + (x i , y i ) 

] 

= 

1 

m 

E S,σ

[ 

sup 

f∈F 

m ∑ 

i =1 

σi (1 y i = f◦g(x i ) − max 
y ∈Y K 

(1 y = f◦g(x i ) − 2 ρ1 y = y i )) 

]

≤ 1 

m 

E S,σ

[ 

sup 

f∈F 

m ∑ 

i =1 

σi 1 y i = f◦g(x i ) 

] 

+ 

1 

m 

E S,σ

[ 

sup 

f∈F 

m ∑ 

i =1 

σi max 
y ∈Y K 

(1 y = f◦g(x i ) − 2 ρ1 y = y i ) 

] 

https://doi.org/10.13039/501100003725
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he first term in the right hand side of the above inequality is 

pper-bounded as follows: 

1 
m 

E σ

[
sup f∈F 

∑ m 

i =1 σi 1 y i = f◦g(x i ) 

]
= 

1 
m 

E σ

[
sup f∈F 

∑ m 

i =1 

∑ 

y ∈Y K σi 1 y = f◦g(x i ) 1 y = y i 
]

≤ 1 
m 

∑ 

y ∈Y K E σ

[
sup f∈F 

∑ m 

i =1 σi 1 y = f◦g(x i ) 1 y = y i 
]

= 

1 
m 

∑ 

y ∈Y K E σ

[ 
sup f∈F 

∑ m 

i =1 σi 1 y = f◦g(x i ) 

(
2 ·1 y = y i −1 

2 
+ 

1 
2 

)] 
≤ 1 

2 m 

∑ 

y ∈Y K E σ [ sup f∈F 
∑ m 

i =1 σi εi 1 y = f◦g(x i ) ] 

+ 

1 
2 m 

∑ 

y ∈Y K E σ [ sup f∈F 
∑ m 

i =1 σi 1 y = f◦g(x i ) ] 

= 

∑ 

y ∈Y K 
1 
m 

E σ [ sup f∈F 
∑ m 

i =1 σi 1 y = f◦g(x i ) ] ≤
∑ 

y ∈Y K ˆ R D s (�g (F ))

here εi := 2 · 1 y = y i − 1 ∈ {−1 , +1 } and σi and σi εi admit the

ame distribution. Therefore we have 

1 
m 

E S,σ

[
sup f∈F 

∑ m 

i =1 σi 1 y i = f◦g(x i ) 

]
≤ K� m 

(�g (F )) 

he second term in the right hand side of the above inequality 

s upper-bounded as follows. Observing that −σi and σi are dis- 

ributed in the same way and using the sub-additivity of sup and 

emma 9.1 in Mohri et al. [37] leads to 

1 
m 

E S,σ

[
sup f∈F 

∑ m 

i =1 σi max y ∈Y K (1 y = f◦g(x i ) − 2 ρ1 y = y i ) 
]

≤ ∑ 

y ∈Y K 
1 
m 

E S,σ

[
sup f∈F 

∑ m 

i =1 σi (1 y = f◦g(x i ) − 2 ρ1 y = y i ) 
]

= 

∑ 

y ∈Y K 
1 
m 

E S,σ

[
sup f∈F 

(∑ m 

i =1 σi (1 y = f◦g(x i ) 

)
− 2 ρ

∑ m 

i =1 σi 1 y = y i 
]

= 

∑ 

y ∈Y K 
1 
m 

E S,σ

[
sup f∈F 

∑ m 

i =1 σi 1 y = f◦g(x i ) 

]
≤ K� m 

(�g (F )) 

ince σi have zero mean. Therefore we have the following general 

argin bound of εD s ( f ◦ g) 

D s ( f ◦ g) ≤ ˆ εS,ρ ( f ◦ g) + 

4 K 

ρ
� m 

(�g (F )) + 

√ 

log 1 
δ

2 m 

y letting ρ → 1 , we have the first empirical risk bound on εD s ( f ◦
) as: 

D s ( f ◦ g) ≤ ˆ εD s ( f ◦ g) + 4 K� m 

(�g (F )) + 

√ 

log 1 
δ

2 m 

Next we derive a generalization upper bound for 

 H g �H g 
(D 

s , D 

t ) as follows: By theorem 3.3 in [37] , for any

> 0 , with probability at least 1 − δ/ 2 for all f ∈ F (for all

 = ( f ◦ g) � ( f ′ ◦ g) ∈ H g �H g ): 

1 
2 

d H g �H g 
(D 

s , ˆ D 

s 
m 

) = sup f, f ′ ∈H g 
| εD s ( f ◦ g, f ′ ◦ g) − ˆ ε ˆ D s m ( f ◦ g, f ′ ◦ g)

= sup g∈H g �H g 
| E D s [1 g ] − ˆ E ˆ D s m [1 g ] | 

≤ 2 R D s (H g �H g ) + 

√ 

log 2 
δ

2 m 

. 

lso similarly we have, for any δ > 0 , with probability at least 1 −
/ 2 for all f ∈ F: 

1 
2 

d H g �H g 
(D 

t , ˆ D 

t 
m 

) ≤ 2 R D t (H g �H g ) + 

√ 

log 2 
δ

2 m 

. 

tilizing the triangle inequality and symmetry property of 

 H g �H g 
(·, ·) , we have, for any δ > 0 , with probability at least 1 − δ

or all f ∈ F: 

1 
2 

d H g �H g 
(D 

s , D 

t ) ≤ 1 
2 

d H g �H g 
(D 

s , ˆ D 

s 
m 

) + 

1 
2 

d H g �H g 
( ̂  D 

s 
m 

, ˆ D 

t 
m 

) 

+ 

1 
2 

d H g �H g 
( ̂  D 

t 
m 

, D 

t ) 

≤ 1 
2 

d H g �H g 
( ̂  D 

s 
m 

, ˆ D 

t 
m 

) + 2 R D s (H g �H g ) 

+2 R D t (H g �H g ) + 2 

√ 

log 2 
δ

2 m 

bserve that VCdim (H g �H g ) ≤ 2 VCdim (H g ) as in Anthony and 

artlett [46] since any g ∈ H g �H g can be represented as a linear

hreshold network of depth 2 with 2 hidden units. Note also that 
16 
 g(x ) − 1 ∈ {−1 , 1 } since g(x ) ∈ { 0 , 1 } . Therefore this result com-

ined with Corollary 3.9 of [37] leads to 

 D s (H g �H g ) ≤ 1 

2 

√ 

4 d log em 

2 d 

m 

, and R D t (H g �H g ) 

≤ 1 

2 

√ 

4 d log em 

2 d 

m 

here d = VCdim (H g ) . 

Finally, let a representation function g : X −→ Z ∈ G be chosen in 

uch a way to make its induced two distributions over Z, D 

s 
Z and 

 

t 
Z be identically distributed (or similar to each other), i.e. D 

s 
Z ∼

 

t 
Z , then, 

in { E z ∼D s Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] , E z ∼D t Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] } 
= E z ∼D s Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] 

herefore, using theorem 3.3 again in [37] , for any δ > 0 , with

robability at least 1 − δ, we have 

 z ∼D s Z [ ‖ f s g (z ) − f t g (z ) ‖ K ] ≤ 1 
m 

∑ m 

i =1 [ ‖ f s g (z i ) − f t g (z i ) ‖ K ] + 2 � m 

(F 

s )

+ 

√ 

log 1 
δ

2 m 

here F 

s = { z → ‖ f s g (z ) − f t g (z ) ‖ K : z ∈ Z} . Since 

 m 

(F 

s ) = E S E σ

[
1 
m 

∑ m 

i =1 σi ‖ f s g (z i ) − f t g (z i ) ‖ K 

]
= 0 

he result follows. �
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