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In recent years, the issue of fairness has become important in the field of machine learning.
In clustering problems, fairness is defined in terms of consistency in that the balance ratio
of data with different sensitive attribute values remains constant for each cluster.
Fairness problems are important in real-world applications, for example, when the rec-

ommendation system provides targeted advertisements or job offers based on the cluster-
ing result of candidates, the minority group may not get the same level of opportunity as
the majority group if the clustering result is unfair. In this study, we propose a novel
distribution-based fair clustering approach. Considering a distribution in which the sample
is biased by society, we try to find clusters from a fair correspondence distribution. Our
method uses the support vector method and a dynamical system to comprehensively
divide the entire data space into atomic cells before reassembling them fairly to form
the clusters. Theoretical results derive the upper bound of the generalization error of the
corresponding clustering function in the fair correspondence distribution when atomic
cells are connected fairly, allowing us to present an algorithm to achieve fairness.
Experimental results show that our algorithm beneficially increases fairness while reduc-
ing computation time for various datasets.

� 2021 Elsevier Inc. All rights reserved.
1. Introduction

With machine learning increasingly influencing decisions on important aspects of our lives, such as advertising, employ-
ment, and criminal justice, the demand for a fair machine learning model has also increased rapidly in recent years. While
there is little doubt regarding the effectiveness and versatility of machine learning algorithms, we are increasingly focusing
on the objectivity of algorithms. It requires not only high performance but also impartiality toward specified sensitive attri-
butes in a population, such as sex, gender, or race.

A misconception about machine learning is that it is absolutely impartial. However, as machine learning relies on training
data, algorithms may exhibit biases toward specific demographic groups because of biased samples. For example, facial
recognition shows a better accuracy on white, male faces [9], and a model for criminal recidivism is likely to show a much
higher false positive rate for black defendants than white defendants [1]. Additionally, gender stereotypes are reflected in
word2vec embeddings [8].
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These fairness problems occur because the data provided by humans can be highly biased. The data can be biased for sev-
eral reasons, such as those listed in [5]. First, labeling issues can cause data to be biased. Labeling is the process of manually
assigning training data to class labels. For example, recruitment managers evaluate job seekers’ capabilities and use them as
training data. By using these data for training, a machine learning model might replicate the prejudices existing in a man-
ager’s decisions. Bias can also occur during data collection. Machine learning models trained from partial or non-
representative data might discriminate against a sensitive group. For instance, if a single sample has an inappropriate rep-
resentation of a protected class, the results might be biased against the protected class. Moreover, if the sample size of a pro-
tected group is much smaller than that of the other group, the model might perform appropriately in the minority group.
Even when a sensitive attribute is removed from the training data, the model can discriminate against the protected group
because different features might contain some information about sensitive attributes.

Anti-discrimination laws evaluate the fairness of a decision-making process using disparate treatment and disparate
impact. A disparate treatment means that the decisions are based on sensitive attributes. In the case of machine learning,
sensitive features should not be included in the training data. This notion of fairness is also called ‘‘unawareness.” However,
it has a limitation in that the sensitive variables can be highly related to other features. While disparate treatment focuses on
machine learning input, disparate impact focuses on the output. A model has a disparate impact if its results discriminate
against a protected group [13]. This criterion of fairness is also called ‘‘demographic parity” or ‘‘statistical parity” and it is
widely used in the machine learning field.

To achieve demographic parity, a decision should be independent of sensitive attributes. For example, if the sensitive
attribute represents gender in an employment problem, then males and females should have the same probability of being
hired. Some studies argue that this condition is related to the ‘‘four-fifth rule” in disparate impact law [13]. However, this
definition ignores a possible relationship between the ground truth label and sensitive attributes. To overcome the draw-
backs of statistical parity, several studies [15,31,25] have focused on an alternative criterion called ‘‘equalized odds,” also
known as ‘‘separation.” This criterion conditions a metric on the ground truth label. This requires equal false positive and
false negative between the different groups.

Previous research on fair machine learning has focused primarily on supervised problems such as classification[15,30]
and regression. Sensitive attributes are not explicitly used in making decisions; decisions that discriminate against protected
classes should not be made. However, an unfair unsupervised learning can also cause problems in the real world. For exam-
ple, when a recommendation system provides targeted advertisements or job offers based on the clustering result of candi-
dates, the minority group may not get the same level of opportunity as the majority group if the clustering result is unfair. In
this study, we examine the fairness problem in clustering, which focuses on preserving the balance of each cluster. A seminal
study [11] first introduced the balance concept as a criterion for fair clustering, defining a clustering to be fair if the resulting
clusters share a common ratio of data points representing individuals belonging to groups of sensitive attributes. In addition,
they suggested the use of polynomial-time algorithms to obtain approximately balanced clustering by first finding an
approximately optimal decomposition of a dataset into fairlets, which are minimal subclusters with the exact value of an
intended balance. They then applied k-means or k-median algorithms to the set of fairlets. A majority of follow-up studies
since then have taken a combinatorial approach to search for clustering with a balance closer to the desired level [7,16].
However, the computational complexity of such approaches are prohibitive unless both the number of clusters and the data
dimensions are very small, even with the scalable algorithms in [3]. This seems to be primarily because of the NP-hardness
when computing a fair clustering, which is truly optimal in terms of k-center costs [11]. Experiments have also shown that k-
center costs tend to increase substantially to control the balance measure, and it is difficult to assess the quality of clustering
results.

In this study, we propose a novel approach to solve the problem: we no longer view fair clustering as a combinatorial
optimization problem, but instead take a distribution-based approach. A distribution-based approach assumes that a real
dataset is generated from a probability distribution with a compactly supported density function p, and that each connected
component of the sup-level set x : p xð Þ P rf g represents a meaningful cluster. Distribution-based methodologies have been
successful in clustering [6,22,19,4,10,14,24,12] as well as in performing other tasks, including classification [20] and denois-
ing [17,18]. In this work, we use a similar framework. First, we approximate the underlying density function, and then use
the presumed density to identify the corresponding clusters. Despite these similarities, this work has several significant nov-
elties, as summarized below.

We first define fair distribution by a probability distribution such that for any Borel set B 2 Rd, the value of P X 2 B jX 2 Gið Þ
is the same (or almost the same allowed by adopted fairness standards) for all i ¼ 1; � � � ; ‘, where G1; � � � ;G‘ denote the groups
of sensitive attributes. We assume that real data are generated from a distribution that has deviated from a fair correspon-
dence distribution because of socioeconomic biases, and propose a new idea that a fair clustering can be obtained by tracing
this fair correspondence distribution. Second, although it is difficult to directly approximate a fair density function, we show
that detecting clusters corresponding to a fair correspondence distribution can be reduced to a discrete optimization prob-
lem through a theoretical analysis. This is done by restricting the location of modes in the search for a fair correspondence
distribution, and then providing a generalization error bound on the proposed cluster assignment rule based on a finite set of
modes. The development of this theory is based on Rademacher complexity and H-divergence, which have never been used
in the related literature. Third, we provide a flexible framework for fair clustering where a user can control to what extent the
fairness constraint should be reflected in the resulting clusters. This implies that the method we suggest, unlike any pre-
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existing fair clustering algorithms, satisfies the correspondence principle, that is, the algorithm would still successfully detect
clusters based on distribution even if the fairness constraint is removed.

The contribution of our paper is threefold:

1. We first propose a novel distribution-based approach to a fair clustering problem. We suggest the concept of fair corre-
spondence distribution and try to find fair clusters from this distribution.

2. We provide a theoretical background that derives the upper bound of the generalization error of the corresponding clus-
tering function.

3. We present an algorithm to achieve fair clustering results based on the support vector method and a dynamical system.
Experimental results show that the suggested method can successfully obtain fair clustering results in various datasets.

Up to the proposed methodology section, we develop some necessary theoretical constructs and explain our algorithm in
more detail. Then, in the next section, we experimentally show the proposed algorithm’s adequate performance on both syn-
thetic and real datasets, with a significantly relaxed time consumption when compared to the state-of-the-art fairlet based
methods.

2. Preliminaries

2.1. Fair clustering in terms of balance

Suppose we have N data points to be assigned to K different clusters C ¼ C1;C2; . . . ;CKf g. Each data point xi has a sensitive
attribute whose value may be, say, red or blue. The balance of a subset S � D ¼ xif gNi¼1 is
balance Sð Þ ¼ min
jSr j
jSbj ;

jSbj
jSr j

� �
;

where Sb and Sr denote the set of red and blue points in S, respectively. Then, the overall balance of the clustering is defined
as
balance Cð Þ ¼ min
C2C

balance Cð Þ:
Since the balance of a clustering is determined by taking the minimum over balances of all clusters, it is important to
control the balance of the most biased cluster. Assuming Cb 6 Cr , the balance of the clustering is jCb j

jCr j; this indicates that every

cluster C 2 C has a balance of at least jCb j
jCr j. [11] suggested the concepts of balance and used it as a criterion for fair clustering.

We follow the literature and consider that the higher this measure is for each clustering result, the fairer is the clustering.
The purpose of fair clustering is to find C that solves the following problem:
minimize F Cð Þ
subject to balance Cð Þ ¼ balance Dð Þ;
where F denotes the clustering cost function.
Previous approaches to fair clustering have attempted to solve this fairness constrained problem using combinatorial

approach such as finding fairlets [11,3] or coresets [16]. However, these approaches entail a substantial computational cost
to find an approximately optimal fairlet decomposition. In addition, in these approaches, a fairness constraint is achieved at
the expense of the clustering objective.

In contrast to the previous methods focused on a combinatorial optimization approach, our method employs a fair cor-
respondence distribution to solve the fair clustering problem, which is detailly described in the next section.

2.2. Multi-basin system and atomic cells

Given a dataset x1; � � � ;xNf g � X ¼ Rd, we introduce the notion of a support density function, of which a sup-level set well
describes the support of the data distribution.

Definition 1. We define a support density function as a positive density function p : Rd ! Rþ where a level set of p for some
r > 0 can be decomposed into several disjoint connected sets as
Lp rð Þ ¼ x 2 Rn : p xð Þ P rf g ¼ C1 [ � � � [ CKp rð Þ ð1Þ

where Ci; i ¼ 1; . . . ;Kp rð Þ are disjoint connected sets corresponding to different clusters and Kp rð Þ is the number of clusters
determined by p and r.

Given a support density function p corresponding to the decision function, we consider the following generalized positive
gradient system
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dx
dt

¼ F xð Þ ¼ R xð Þrp xð Þ;
where R xð Þ is a Riemannian metric on X , or a smooth assignment of a symmetric, positive definite matrix over the sample
space. This system is known to be complete, that is given any initial condition x 0ð Þ ¼ x0, it can be guaranteed that the fixed
point x tð Þ at iteration t is uniquely determined for all t 2 R.

A point at which F vanishes is called an equilibrium vector (EV) of the system. An EV x 2 Rd such that the Jacobian JF xð Þ of F
at x is positive-definite is called a stable equilibrium vector (SEV). If x is an EV such that JF xð Þ has precisely k negative eigen-
values and d� k positive eigenvalues, then it is called an index-k EV. Given a SEV, s, we consider its basin of attraction
B sð Þ ¼ x 0ð Þ 2 Rd : limt!1x tð Þ ¼ s

� �
, which is the set of all initial conditions that converge to s under the negative gradient

system. It is known that the system is completely stable under weak assumptions, that is, the data space Rd partitions into
basins of attractions as follows:
Rd ¼
[M
i¼1

B sið Þ ð2Þ
where V ¼ s1; � � � ; sMf g are the SEVs and S denotes the closure of a set S. [23].
As mentioned above, we aim to identify the connected components of the support of data distribution. This is achieved by

identifying the SEVs and establishing a proper notion of adjacency between them. We refer to each basin B sið Þ as an ‘‘atomic
cell”, which is a sub-cluster of points tightly grouped around the modes of data distribution. We claim that these points
should not be separated into different clusters because the points in close proximity to a mode are homogeneous and clearly
reflect the intrinsic distribution structure. Hence, we search for a clustering such that each atomic cell belongs to the same
cluster.

We consider two SEVs, sa and sb, to be adjacent to each other if B sað Þ \ B sbð Þ –£. Note that there exists a unique one-
dimensional curve from sa to sb climbs up and then down the hill via an index-one EV, the so-called a transition equilibrium
vector (TEV), t 2 @B sað Þ \ @B sbð Þ. With this definition, we construct a graph Gr ¼ Vr; Erð Þ truncated at level r as in [23], where

1. The vertex set Vr consists of si 2 V with p sið Þ > r.
2. The edge set Er consists of pairs si; sj

� �
of adjacent SEVs such that the corresponding TEV t satisfies p tð Þ > r.

It is known [21] that under some weak assumptions, there exists a threshold level c for which the graph Gr is connected if
r 6 c. We will exploit this condition to develop our clustering methodology based on atomic cells in the next section.
3. Proposed methodology

3.1. Problem settings

This subsection explains how the fair clustering problem is modeled in our paper. We first define fair distribution by a
probability distribution such that for any Borel set B 2 Rd, the value of P X 2 B jX 2 Gið Þ is the same (or almost the same
allowed by adopted fairness standards) for all i ¼ 1; � � � ; ‘, where G1; � � � ;G‘ denote the groups of sensitive attributes. To illus-
trate this definition in clustering, the fair distribution maintains a balance (almost) evenly across each cluster. Therefore, if a
machine learning model (supervised or unsupervised) is built from samples generated by a fair distribution, the result of the
model will be fair.

We assume a real data set xi 2 X : i ¼ 1; . . . ;Nf g to originate from a sample data distribution DS. We view that the sample
data distribution is the result of a deviation from a fair distribution DF caused by socioeconomic biases. Note that the density
of sample data distribution DS can be approximated using a Gaussian kernel support density function. On the other hand, a
fair correspondence distribution can be intractable because neither DF nor its samples xi � DFf g may exist in a real world
scenario.

To make a fair distribution feasible and reflect the important characteristics of sample distribution, we propose the con-
cept of fair correspondence distribution, which is a fair distribution that shares the dense areas near the sample data distri-
bution modes of DS.

To search for a fair correspondence distribution, we construct a support density function for the sample distribution DS.
Then, utilizing its associated multi-basin systems, we partition the input space into atomic cells. In particular, we intend the
data points in each atomic cell computed from the support density function to result in the same cluster for a hierarchical
fair clustering.

The purpose of this paper is to find a cluster labeling function that can reduce the generalization error risk on fair corre-
spondence distribution DF using the information from tractable real data samples xi � DSf g.

The basic problem setting of is illustrated in Fig. 1. By considering a fair correspondence distribution with its atomic cells
and their connectivity, we can obtain a fair clustering result. However, because we only have a biased sample distributionDS,
we try to approximate the fair clustering using two different steps.
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Fig. 1. Illustration of overall framework of our proposed method. Up: Problem settings of our paper. The mash plot denotes density function of fair
correspondence distribution DF while red � represents SEV, red regions denote basin cells corresponding to each SEVs (stable equilibrium vector), and the
blue line represents adjacency between two SEVs. Down: Proposed method in our paper. The blue � represents samples x1; . . . ; xif g 2 DS . (Best viewed in
color.)
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3.2. Overall framework

In this paper, we try to find a fair clustering, which is given in the form of (1), where pF is the density of a fair correspon-
dence distribution DF . We propose an indirect method, that does not model DF explicitly but only extracts the corresponding
clusters. This is done by adopting the frameworks from [22,21], which suggest a distribution-based clustering framework
based on the idea of a dynamical system.

While we have data xif g in input space X , let Z ¼ si : si 2 X ; i ¼ 1; � � � ; kf g refer to a mode space, i.e. a collection of a finite
elements from the input space. The mode space Z is induced from X by using the representation function
x 2 W ¼ x : X ! s1; . . . ; skf g ¼ Zf g where for any x 2 X ;x xð Þ ¼ si for some i. This means a representation function
x 2 W partitions the entire input space X into k cells. Our choice of Z would be the set of SEVs, with each of them repre-
senting a basin, or an atomic cell. Additionally, xmaps each x 2 X to a SEV which attracts x. Note that Eq. 2 guarantees that
x is defined almost everywhere on X .

For a distribution D with a support density p �ð Þ, the hypotheses h 2 H ¼ f �x : x 2 Wf g are then formed by the process

X ;Dh i ! x sif gki¼1;D
D E

! fYK where YK ¼ 1;2; . . . ;Kf g (mono-label case) or YK ¼ 0;1f gK (multi-label case) and

f : sif gki¼1 ! YK on D denotes a cluster labeling function that assigns a cluster label of a support density p �ð Þ to si. Note that
in this setting, once the representation functionx is determined, the clustering problem is translated into a discrete labeling
problem in the mode space. One of the distinguishing features of this process is that for the same input
x 2 X ; f �xð Þ xð Þ ¼ f x xð Þð Þ may take the different values depending on whether x � DS or x � DF . This feature leads to a
sharp difference between a traditional machine learning setting and our fair clustering setting.

The basic framework of our method is illustrated at the bottom of Fig. 1. First, we approximate the density function pN xð Þ
using the data samples. Then, using the presumed density function and its dynamical system, we partition the input space
into atomic cells. We illustrate this as step 1 in Fig. 1, which uses the representation functionx. Then, in step 2, consider the
adjacency of each atomic cell and the density value of each TEV to assign each cell to a final cluster using the cluster assign-
ment function f.

In the following paragraphs, we will search for clustering given by DF under a restriction that the modes of distribution
should be equal to those of DS. Given this assumption, it is possible to reduce the clustering problem to a discrete setting,
which allows us to develop a concise algorithm while still pursuing the main philosophy of our presented theory. This
restriction also reflects our intuition that data points from a high-density region of DS should be eventually grouped into
the same cluster.

Because we need to find Df only using data samples from Ds, we put a restriction that we will find a Df that shares the
mode space with Ds. This means we will only consider the Df that learns the same mode space Z with Ds, because there
could be various Df s that satisfying optimal fair clustering.
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One distinguishing feature of our framework is that for the same input data x 2 X ; f �xð Þ xð Þ ¼ f x xð Þð Þmay take different
values depending on whether x � D̂S or x � D̂F . This is because the cluster labeling function f takes not only the set of modes
sif g but also the distribution D as an input.
Given the density function p for D, the labeling is done by lowering the truncation level r in the graph structure Gr

described in the previous section, and grouping adjacent atomic cells when a new edge is added to the edge set Er . Equiv-
alently, clusters are formed hierarchically by merging atomic cells in a descending order of values of density p at the corre-
sponding TEVs. Fig. 2 illustrates why the clustering result may change with data distribution through a simple one-
dimensional case with three atomic cells. If D ¼ D̂S, with density represented by the blue curve in Fig. 2, atomic cells
B s2ð Þ and B s3ð Þ are grouped into a single cluster since the density value at the TEV between them (which is a local minimum
in this case) is greater than r. However, if D ¼ D̂F such that the red density curve is used, then B s1ð Þ and B s2ð Þ are grouped
together instead of the second and third cells.

3.3. Theoretical framework

This subsection provides the core theory behind our proposed methodology. We provide a generalization error bound for
the proposed clustering method.

We utilize the concepts of H-divergence and Rademacher complexity in the theoretical development. Unlike the existing
works on fair clustering, which usually address the problem via combinatorial observations, we take a novel approach by
inferring the fair correspondence distribution DF . This distribution-based framework allows us to incorporate ideas from
computational learning theory, which have never been used in the fair clustering literature.

3.3.1. A generalization error bound
In this section, we provide a new generalization error bound for fair clustering. Consider a clustering task where X is an

input space and S ¼ xi 2 X : i ¼ 1; . . . ;Nsf g represents the given unlabeled data of N samples. In the fair clustering settings,
we have two distinct distributions over X: a sample distribution DS according to the sample density pS xð Þ and a ground truth
fair correspondence distribution DF , according to the true fair support density pF xð Þ.

Utilizing these concepts and following the notations in [26], and given a true fair cluster labeling function cF ¼ f �xF , and
a hypothesis set H ¼ f �x : x 2 Wf g, the generalization error (or risk) of a K-cluster label hypothesis h 2 H in a fair corre-
spondence distribution DF is defined by
Fig. 2.
corresp
f �; D̂F
� �
RDF f �xð Þ ¼ RDF f �x; f �xf

� �
¼ Ex�DF kf �x xð Þ � f �xf xð ÞkK

� 	

where k � kK is the Hamming distance that measures the number of different components in two vectors. If we consider D̂N

S as
D̂N

F samples of size N drawn independently according to the respective distributions DS and DF , then the empirical error of
h 2 H in a fair correspondence distribution DF is defined by
R̂D̂N
F
f �x; f �xFð Þ ¼ 1

N

X
xi2D̂N

F

1f�x xið Þ–f�xF xið Þ
For a true sample cluster labeling function cs ¼ f �xs;RDS and R̂D̂N
S
are similarly defined.

To provide a rigorous model of fair clustering, we define the W divergence which measures the discrepancy between two
different distributions by
dW DS;DFð Þ ¼ sup
x;x02W

jRDS f �x; f �x0ð Þ � RDF f �x; f �x0ð Þj
Illustration of how cluster labeling may change with density functions. The blue and red curves each refer to empirical sample and fair
ondence distributions D̂S and D̂F respectively, and B sið Þ denotes atomic cells. Clustering results when k ¼ 2, with assignment functions f �; D̂S

� �
and

, are denoted by Cs and Cf , respectively.
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We are now ready to derive the following generalization error risk in our fair clustering setting.

Theorem 1. Let DS and DF be the sample and the fair correspondence distributions with support densities pS �ð Þ and pF �ð Þ,
respectively. Let the ground truth cluster labeling function be cF ¼ f �xF induced from DF and the optimal cluster labeling function
in the sample distribution be cS ¼ f �xS induced from DS. Then for any hypothesis f �x where x 2 W, the following inequality
holds:
RDF f �xð Þ 6 RDS f �xð Þ þ 1
2
dW DS;DFð Þ þmin Ex�DS kf �xS xð Þ � f �xF xð ÞkK½ �;Ex�DF kf �xS xð Þ � f �xF xð ÞkK½ �� � ð3Þ
Since we have restricted fair correspondence distributions to those that share modes with DS, the third term in Eq. (3)
vanishes becausexS ¼ xF . The first term is the sample error caused by a discrepancy between the ground-truth sample den-
sity and the approximate support density. This is expected to be small with a large sample size, as the estimated density
converges asymptotically to the true support density. The second term is a discrepancy measure between the two distribu-
tions, and can be interpreted as an intrinsic deviation of DS from DF .

In summary, Theorem 1 tells us that the cluster labeling by a suitable combination of atomic cells represented by modes
in Z could detect clusters induced by a fair density, with error bounded above by the right-hand side of Eq. (3), while the
third term drops under the restrictionxS ¼ xF . This justifies our proposed method, which uses a greedy optimization of bal-
ance through an amalgamation of atomic cells in the mode space.

3.3.2. A margin-based generalization error bound
We next present margin-based generalization bounds in a fair clustering setting. Following the notations and definitions

in [26], we first define Rademacher complexity to measure the capacity of a hypothesis space by its ability to fit random data.

Definition 2 (Rademacher complexity). For a real-valued function class H : X ! a; b½ � and a sample S ¼ x1; . . . ;xNf g
generated by a distribution DS, the empirical Rademacher complexity of H with respect to S is the random variable
R̂DS Hð Þ ¼ Er sup
h2H

1
N

XN
i¼1

rih xið Þ
" #

ð4Þ
where r ¼ r1; . . . ;rNf g are independent uniform 	1f g-valued Rademacher random variables. The Rademacher complexity of
H is the expectation of the empirical Rademacher complexity over all samples of size m:
RN Hð Þ ¼ EDS R̂DS Hð Þ
h i

¼ ESr uph2H
1
N

XN
i¼1

rih xið Þ
" #

ð5Þ
We define KDS Wð Þ for a representation function x 2 W by
KDS Wð Þ ¼ x# 1y¼f�x xð Þ : x � DS; y 2 YK ; x 2 W� �
:

The cluster label associated to point x is f �x xð Þ which is the one resulting in the largest score 1y¼f�x xð Þ. The margin
nxDS

x; yð Þ at a sample cluster labeled example x; yð Þ with x � DS is defined by
nxDS
x; yð Þ ¼ 1 if y ¼ f �x xð Þ

�1 otherwise

�

Thus, f �x misclassifies x; yð Þ iff nxDS

x; yð Þ 6 0.

Let S ¼ xs
i ; y

s
i

� � 2 DS � YK : i ¼ 1; . . . ;m
� �

represent the cluster labeled data of m samples. For any 0 < q < 1, we define
the empirical margin loss for multi-class classification by
R̂S;q f �xð Þ :¼ 1
N

XN
i¼1

Wq nxDS
xi; yið Þ


 �
6 1

m

XN
i¼1

1nxDS
xi ; yið Þ6q ¼ R̂DS f �xð Þ
where Wq is the margin loss function defined by
Wq xð Þ ¼
0 if q 6 x

1� x=q if 0 6 x 6 q
1 if x 6 0

8><>:

This upper bound is a fraction of the sample data points that have been misclassified or correctly classified with a con-

fidence less than or equal to q.
Now, we are ready to present the following margin bound for fair clustering of a mono-label YK in the probably approx-

imately correct (PAC) learning framework.
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Theorem 2. For any d > 0, with probability at least 1� d, the following fair clustering generalization bound holds for all
hypotheses f �x where x 2 W:
RDF f �xð Þ 6 R̂S;q f �xð Þ þ 4K
q

RN KDS Wð Þ� �þ 2

ffiffiffiffiffiffiffiffiffiffi
log 2

d

2N

s
þ dW D̂N

S ; D̂N
F

� �þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d̂ log eN

2d̂

N

s
ð6Þ
where d̂ ¼ VCdim f �x : x 2 Wf gð Þ.
Here, we can drop the third term in Eq. (6) since a common representation function x minimizes the fourth term when

xS ¼ xF or xS and xF are sufficiently close to each other.

3.4. Algorithm

As shown in Fig. 1, we can divide the clustering procedure into two phases.

3.4.1. First phase
In the first phase, we approximate the density function and partition the input space into atomic cells. Specifically, we

apply a margin-based one-class support vector method [28] to estimate the support density function of the DS. This is done
by solving the problem
min
w 2 H
n;q

1
2 jjwjj2 þ 1

mN

XN
i¼1

ni � q;

subject to w �U xið Þð Þ P q� ni;

ni P 0; q P 0;
where U : X ! H is a feature map into an inner product space, n ¼ n1; � � � ; nNð Þ are slack variables, m 2 0;1ð � is a parameter

and q is an additional variable to be optimized. For a Gaussian kernel k xi; xj
� � ¼ U xið Þ;U xj

� �
 � ¼ e�qN jjxi�xj jj2 with width
parameter qN , the dual of this problem turns out to be equivalent to the following [29]:
max W ¼
XN
i¼1

bi �
XN
i;j¼1

bibje
�qNkxi�xjk2

subject to 0 6 bj 6 CN;
X
j

bj ¼ 1;
ð7Þ
where j ¼ 1; . . . ;N. If we let its solution be �bi; i ¼ 1; . . . ;N, then the decision function is given by
sN xð Þ ¼ 1� 2
XN
i¼1

�bie�qNkx�xik2

þ
XN
i;j¼1

�bi
�bje�qNkxi�xjk2 :
From this we obtain the trained Gaussian kernel support density function given by
pN xð Þ ¼ qN=pð Þn=2
XN
i¼1

�bie�qNkx�xik2 ; ð8Þ
which converges asymptotically to the true sample support density under some mild conditions.

Theorem 3. Let a sample S ¼ x1; . . . ;xNf g be generated by a distribution DS with a sample support density pS xð Þ. Assume the
following conditions are satisfied,
lim
N!1

qN ¼ 1 and lim
N!1

NC2
Nq

d=2
N ¼ 0:
Then the estimate pN xð Þ of the form
pN xð Þ ¼ qN=pð Þn=2
XN
i¼1

�bie�qNkx�xik2 ; ð9Þ
converges asymptotically to pS xð Þ.
This would serve as a theoretical basis for justifying our density-based methodology.
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Since we assume the modes of DS and DF to be equal, we can estimate the representation function x̂ by learning the real

samples. After estimating x̂, we obtain k atomic cells sif gki¼1 and l TEVs tj
� �l

j¼1.
3.4.2. Second phase
The second phase involves grouping k atomic cells into K final clusters. If we have estimated density function p̂, we can

merge the cells hierarchically in the descending order of p̂ tj
� �

s. However, although we have assumed the mode space sif g of
DF to be equal to DS, the density function of the fair correspondence distribution pf is intractable. To overcome this difficulty,
we require the density function of fair correspondence distribution pf to be similar to the density function of the estimated
sample distribution p̂s, with a discrepancy between the two coming from unknown, immutable socioeconomic biases. We
resort to our theoretical result that fair clustering assignment based on atomic cells can address this discrepancy, and sug-
gest a fair labeling method by adding of fair constraints to the estimated sample density values with a hyperparameter,
which would then serve as a guideline for greedy merging at each step.

The estimated value of the (unnormalized) density of fair clustering at tj is as follows:
Fig. 3.
dataset
p̂f tj
� � ¼ p̂s tj

� �� k � balance Cjþ [ Cj�

� ��min balance Cjþ

� �
;balance Cj�

� �� �� 	
; ð10Þ
where jþ and j� denote the indices of adjacent SEVs corresponding to tj, while Cjþ and Cj� are interim sub-clusters (unions of
atomic cells) to which sjþ and sj� belong, respectively. k is a hyperparameter that determines the degree to which the fair
constraint is reflected in the algorithm. We update p̂f tj

� �
after every merging as the sub-cluster assignment is modified.

The fair constraint term detects an increase in balance when sub-clusters sjþ and sj� , which are adjacent to TEV tj, are
merged.
3.4.3. Pseudocode
In this section, an algorithm representing our proposed framework in pseudocode is demonstrated for clarity. Algorithm 1

shows the construction of graph Gr , while Algorithm 1 represents labeling with a balance update. A Fair SVC is implemented
in Algorithm 1 and 2. After learning the representation function x̂ to partition the input space into k-clustered regions with

various Gaussian width parameters, f̂ is learned to assign atomic cells to cluster labels.
Since our method relies on hypercubes and numerical integration on these hypercubes, and need to solve the quadratic

programming to obtain the support density function, the algorithm does not scale well with the dataset dimention d. There-
fore, it is limited to low-dimensional problems.

Our implementation in Matlab is available at https://github.com/wj926/Fair SVC.
Visualization of the original data distribution of synthetic and real datasets in a two-dimensional data space. To visualize high-dimensional real
s, dimension reduction of the data set was performed using t-SNE. The sensitive variable is represented by two different markers.
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Algorithm 1. Construction of Graph Gr
164



W. Lee, H. Ko, J. Byun et al. Information Sciences 581 (2021) 155–178
Algorithm 2. Labeling with Balance Update
4. Experiments

In this section, our proposed algorithm and comparative methods are experimentally applied to both synthetic and real
datasets. We have used nine datasets for our evaluation.

4.1. Datasets

4.1.1. Synthetic datasets
To visualize how our model connects basin cells fairly and to evaluate its performance, we apply several algorithms

including the proposed one on three well-known 2D synthetic datasets: Two-circles, Two-moons, and 18-Gaussian as
shown in Fig. 3. The samples were generated using the open source library scikit learn functions. We assign sensitive attri-
bute values to the generated datasets in such a way that traditional clustering methods without fairness may result in a low
balance. The ratio of the values of the sensitive variables is always set to 1:1 for simplicity.

4.1.2. Real datasets
We used three widely-used standard datasets for the evaluation of fair clustering algorithms: bank, census, and diabetes.

The bank1 dataset has 4,521 data points and represents marketing campaigns of a Portuguese banking institution. ‘‘marital” is
used as a sensitive variable, which has three elements. We use only two of them except ‘‘divorced”. The census2 dataset has
32,561 points and is extracted from the 1994 US Census database. It contains two sensitive variables, but we only use ‘‘sex”.
The diabetes3 dataset was extracted from a database of encounters of 10 years of clinical care of patients with diabetes at
1 https://archive.ics.uci.edu/ml/datasets/Bank+Marketing.
2 https://archive.ics.uci.edu/ml/datasets/adult.
3 https://archive.ics.uci.edu/ml/datasets/diabetes+130-us+hospitals+for+years+1999-2008.
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Table 2
Description of standard real datasets.

Dataset features Sensitive variable values of sensitive variable

bank age, balance, duration marital single, married
census age, final-weight, education-num, capital-gain, hours-per-week sex male, female
diabetes age, time-in-hospital gender male, female

Table 3
Description of real-world datasets.

Dataset features Sensitive variable values of sensitive variable

recruitment field of degree, education percentage, degree percentage, work experience, etc. gender male, female
heart age, blood pressure, cholesterol in mg, fasting blood sugar, chest pain type, etc. sex male, female
stroke age, hypertension work type, bmi smoking status, etc. gender male, female

Table 1
Description of synthetic datasets.

Dataset Num. of points Sensitive variable

Two-circles 200 0 for inner circle
with radius 0.5
1 for outer circle
with radius 1

Two-moon 1000 0 for upper moon
1 for lower moon

18-gaussian 500 As shown in Fig. 3

Fig. 4. Visualization of the clustering results of Two-moon dataset for each model in a two-dimensional data space, where the number of cluster is three.
Sensitive variable is represented by two different markers, the result of clustering is represented by three different colors.

W. Lee, H. Ko, J. Byun et al. Information Sciences 581 (2021) 155–178
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Fig. 5. Visualization of the clustering results of 18-Gaussian dataset for each model in a two-dimensional data space, where the number of cluster is four.
Sensitive variable is represented by two different markers, the result of clustering is represented by four different colors.

Table 4
Detailed configuration of each cluster in Two-moon dataset.

Cluster number Sensitive attribute Methods

k-means k-medoids Ward Fairlets SVC Ours

Cluster 1 # of samples (s = 0) 300 280 246 337 500 60
# of samples (s = 1) 26 23 0 494 0 140

Total 326 303 246 831 500 200
Balance of cluster 1 0.086 0.082 0.000 0.682 0.000 0.429

Cluster 2 # of samples (s = 0) 261 220 172 104 0 64
# of samples (s = 1) 0 202 221 3 44 44

total 261 422 393 107 44 108
Balance of cluster 2 0.000 0.918 0.778 0.028 0.000 0.687

Cluster 3 # of samples (s = 0) 200 0 82 59 0 376
# of samples (s = 1) 213 275 279 3 456 316

total 413 275 361 62 456 692
Balance of cluster 3 0.939 0.000 0.294 0.051 0.000 0.840

Balance 0.000 0.000 0.000 0.028 0.000 0.429

W. Lee, H. Ko, J. Byun et al. Information Sciences 581 (2021) 155–178
130 US hospitals. ‘‘gender” is used as a sensitive variable. For all three datasets, we use only numerical variables and sample 500
points for each value of the sensitive variable, which is the same experimental setting as [11]. Table 2 shows the detailed use of
the three UCI datasets.
167



Fig. 6. Visualization of the clustering results of Two-circles dataset for each model in a two-dimensional data space, where the number of cluster is seven.
Sensitive variable is represented by two different markers, the result of clustering is represented by seven different colors.
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Moreover, we additionally experimented on three different real-world datasets: recruitment, heart, and stroke. The re-
cruitment4 dataset has 215 data points 15 attributes that represents academic and employ ability factors that influences place-
ment. ‘gender’ is used as a sensitive attribute, which has two elements. heart5 dataset has 304 points with 15 attributes that
represents healthcare information. We used ‘sex’ as a sensitive attribute. The stroke6 dataset contains 5511 data points that has
11 clinical features for predicting stroke events. In this dataset we used ”gender” as a sensitive variable. Table 3 shows the
description of three real-world datasets.

A detailed description of the synthetic and real datasets is provided in Table 1. Fig. 3(d) and (e) show the data samples
from the bank and census datasets, respectively. Since these datasets are high-dimensional, a dimension reduction via t-
SNE has been performed for the sake of clear visualization.
4.2. Experimental settings

k-means, k-medoids,Ward, Fairlets, SVC, and k-means are used as benchmark models. SVC denotes the support vector-
based clustering method utilizing a dynamical system [21], and fairlets denote a scalable fair k-median clustering algorithm
[3].

In the experiments, balance, which is a method for measuring fairness in clustering algorithms, is measured for each
model for the number of clusters K ¼ 1; . . . ;9. Balance ¼ 1 implies that all the clusters have perfect fairness for the sensitive
attribute. In addition, the computation time is also measured to verify the time efficiency of our proposed model in compar-
ison to other benchmark models, as in the main study. We implemented fair SVC, normal SVC using MATLAB, and used open
source library on other clustering methods in MATLAB. Exceptionally, a scalable fairlets algorithm was implemented in
Python 3.6.8 with a scikit-learn library.
4 https://www.kaggle.com/benroshan/factors-affecting-campus-placement.
5 https://www.kaggle.com/nareshbhat/health-care-data-set-on-heart-attack-possibility?.
6 https://www.kaggle.com/fedesoriano/stroke-prediction-dataset.
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Fig. 7. Visualization of the clustering results of Bank dataset for each model in a two-dimensional data space. To visualize high-dimensional data, the
dimension reduction of the data set was performed using T-SNE. Sensitive variable(single or married) is represented by two different markers. The result of
clustering is represented by nine different colors.
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4.3. Results

We show the clustering results in three synthetic datasets (Two-moons, 18-Gaussian, and Two-circles) and two real data-
sets (bank and census). The results of the clustering are represented by different colors and we indicate the value of the bal-
ance in each figure. The closer the value is to 1, the fairer the result will be.
4.3.1. Results of synthetic datasets
Fig. 4 visualizes the clustering results for the two-moons dataset with k ¼ 3. Since the data are almost symmetric with

respect to the x-axis, k-means, k-medoids, and Ward simply partition the data space parallelly to the y-axis. SVC captured
each moon well but resulted in an overall balance zero. The Fairlets algorithmwas designed to balance the sensitive attribute
values, but did not show good balance values, and the sizes of the clusters varied significantly. In comparison, our model
yields balanced clusters with relatively consistent sizes.

Table 4 shows the detailed configuration of the results in Fig. 4. First, we find that the sample of Cluster 2 of k-means are
from from one demographic group (s = 1). Consequently, the balance of this cluster becomes zero. Likewise, the balance of k-
medoids, Ward, and SVC is also zero, since they have at least one cluster that consists of samples from a single group. Fairlets,
which also seeks a fair clustering, failed in this experiment, resulting in a balance of 0.028. In contrast, all three clusters based
on of our methods consist of samples from both demographic groups (s = 0 and s = 1). As a result, the balance of our method
is 0.429, the fairest result among the compared methods.

Fig. 5 illustrates the results of the 18-Gaussian in k ¼ 4. The samples of this dataset are randomly chosen from 18 different
Gaussian distributions, and each distribution has one sensitive attribute. From a traditional clustering perspective, all six
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methods successfully partitioned the samples into four clusters. However, in terms of fairness, our method outperformed the
other methods.

The clustering results of two-circles is shown in Fig. 6 for k ¼ 7. In this dataset, the inner circle and outer circle have dif-
ferent types of sensitive attributes. Therefore, to obtain fair results, each cluster must contain samples from both circles. All
other five comparison methods resulted in a zero balance, which indicates that at least one of the clusters consists of only
samples of inner or outer circles. On the other hand, our method has a balance value of 0.944, which means all clusters have
almost the same number of samples in different groups.
4.3.2. Results from real datasets
Fig. 7 shows the clustering results for the bank dataset. Because the bank data is high-dimensional data, dimension reduc-

tion is performed by using t-SNE for a clear visualization. The results of k-means, k-medoids, and Ward partition the data
space into simple convex clusters. Fairlets attempt to cluster while controlling the balance over sensitive attributes, but
the result does not differ significantly from that of k-means. SVC attempts to find a clustering based on sample density,
but yields the lowest balance (0.400). On the other hand, our model captures the shape of the data soundly by partitioning
the data space into non-convex clusters, while demonstrating a much higher balance value (0.956) than the fairlets.

The results in Fig. 8 visualize the clustering results of the census dataset when k is five. Among these, our method showed
different results than the other methods. Consequently, our method was the only one with a balance value close to 1.

Fig. 9 summarizes the balance of the proposed model and the comparative models for each dataset used in our experi-
ments, while the balance is measured according to the definition in Section 2.1. Our model (red) outperformed the other
models by achieving the highest balance value in almost every experiment. We can find that our proposed method shows
better results in terms of fairness in standard datasets and real-world datasets. The running times of the methods are sum-
marized in Fig. 10. Compared to fairlets, which also focuses on fair clustering, our method significantly reduced computa-
tional costs by using a distribution based approach.

The results of our method on datasets with a larger number of samples are summarized in Appendix B. To handle large
datasets, we have used uniform sampling to construct support density function p, atomic cells, and the edges. Then we pre-
Fig. 8. Visualization of the clustering results of Census dataset for each model in a two-dimensional data space. To visualize high-dimensional data, the
dimension reduction of the data set was performed using T-SNE. Sensitive variable(male or female) is represented by two different markers. The result of
clustering is represented by five different colors.
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Fig. 9. Balance of ours and comparative models on the synthetic, standard, and real-world data sets with varying number of clusters from k = 2 to 9.

Fig. 10. Running time (s) of ours and comparative models on the synthetic and real data sets with varying number of clusters from k = 2 to 9.

W. Lee, H. Ko, J. Byun et al. Information Sciences 581 (2021) 155–178
dict the cluster labels of the whole data points. In both datasets, our method showed high balance value regardless of the
number of k. In this way, we obtain fair clustering results of big datasets without the computational burden.
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4.3.3. Discussion
In most experiments, our algorithm gave more balanced clustering results, than the fairlets-based model. In addition, the

execution time of our algorithm was always significantly shorter than that of the fairlets algorithm, which sometimes
required hours for an optimization. While the time complexity of our model was consistent with the number of clusters,
the fairlets algorithm displayed an exponential growth in time consumption with an increase in k.

Our method is based on SVC, which accurately detects non-convex clusters by sequentially merging the most adjacent
cells. However, our method sometimes combines atomic cells that are sub optimal in terms of adjacency, to find balanced
clusters. Hence, the clustering results might deviate from the intuitive image of an ideal clustering. Nevertheless, it is a nat-
ural consequence of the trade-off between fairness and performance in machine learning models.

We have applied our method on three real-world dataset (Recruitment, Heart, and Stroke) from Kaggle, and our method
has successfully obtained fair clustering results. Fair clustering results can be widely used when having a decision making on
policies or strategies. For example, fair clustering results on Recruitment dataset can be used when the government plans to
provide social aids to job applicants based on clustering results. Or it can be used for companies are trying to hire based on
clustering results while considering fairness issues.In addition, the results for the Heart and Stroke dataset can be utilized
when governments are trying to provide social assistance based on individual health care datasets with the majority and
minority ratios maintained.

5. Conclusion

In this study, we presented a new perspective to address the fair clustering problem based on data distribution. We
hypothesized that a fair clustering can be achieved by tracing a fair correspondence distribution from the sample distribu-
tion, which is considered biased because of real-world problems. Based on the theoretical results, we proposed an efficient
cluster labeling framework at an atomic-cell level with an upper bound on the generalization error of the resulting clustering
function.

Our study can be extended in several ways. Here we propose a greedy amalgamation of sub-clusters, grounded on the
precision guarantee for an optimal labeling method over the mode space. However, it may be possible to improve this
methodology through a direct approximation of the fair density. In addition, the time complexity may be reduced further
if we choose different methods for density estimation. We anticipate that distribution-based approach can be naturally
applied to other important tasks such as fair classification, in addition to the fair clustering problems treated here.

At last, the term ‘balance’ used in fair clustering is focused on binary variable. As a result, various previous works and our
paper only considered the sensitive attributes on binary cases. However, recently using binary attributes is not modern
enough. For example, ’sex’ should be considered as a complex point of view [27]. For future work, we will work on suggesting
an algorithm that can consider various types of sensitive attributes.

Declaration of Competing Interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgement

This work was supported by the National Research Foundation of Korea (NRF) grant funded by the Korean government
(MSIT) (NRF- 2019R1A2C2002358).

Appendix A. Definitions, Proof of Theorems, and Additional Explanations

First we will provide basic definitions related with generalization error and PAC learning as in [26]. Given a hypothesis
h 2 H, a target concept c : X ! Y, a loss function L : Y � Y ! Rþ, and an underlying distribution D,

(i) the generalization error or risk of h is defined by
RD hð Þ ¼ Ex�D L h xð Þ; c xð Þð Þ½ � regressionð Þ
¼ Px�D h xð Þ – c xð Þ½ � ¼ Ex�D 1h xð Þ–c xð Þ� binary classificationð Þ�
(ii) the empirical error or empirical risk of h for a sample D̂N ¼ x1; ::; xNf g is defined by
bRD̂N
hð Þ ¼ 1

N

XN
i¼1

L h xið Þ; c xið Þð Þ½ � regressionð Þ

¼ 1
N

XN
i¼1

1h xið Þ–c xið Þ� binary classificationð Þ�
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Note that from the Law of the Large Numbers (LLN), the empirical error based on an i.i.d. sample D̂N converges to the
generalization error as N ! 1:
lim
N!1

bRD̂N
hð Þ ¼ RD hð ÞÞ
Definition 3 [26]. A concept class C is said to be PAC-learnable if there exists an algorithm A and a polynomial function
poly �; �; �; �ð Þsuch that for any � > 0 and d > 0, for all distributions D on X and for any target concept c 2 C, the following holds
for any sample size m P poly 1=�;1=d;n; size cð Þð Þ:
PS�Dm R hSð Þ 6 �½ � P 1� d::

If A further runs in poly 1=�;1=d;n; size cð Þð Þ, then C is said to be efficiently PAC-learnable. When such an algorithm A

exists, it is called PAC-learnable algorithm for C.
In PAC learning framework, the learner has samples and generalization function from a certain class of possible functions.

Then, with high probability (’probability’), the goal is to select a function that have a low generalization error (‘approximately
correct’). The learner need to learn the concept given any arbitrary approximation ratio, probability of success, or distribu-
tion of the samples.

Theorem 4. Let DS and DF be the sample and the fair correspondence distributions with support densities pS �ð Þ and pF �ð Þ,
respectively. Let the ground truth cluster labeling function be cF ¼ f �xF induced from DF and the optimal cluster labeling function
in the sample distribution be cS ¼ f �xS induced from DS. Then for any hypothesis h 2 H ¼ f �x : x 2 Wf g, the following
inequality holds:
RDF f �xð Þ 6 RDS f �xð Þ þ dW DS;DFð Þ þmin Ex�DS kf �xS xð Þ � f �xF xð ÞkK½ �;Ex�DF kf �xS xð Þ � f �xF xð ÞkK½ �� � ðA:1Þ
Proof 1.
RDF f �xð Þ ¼ RDF f �x; f �xFð Þ
¼ RDS f �x; f �xFð Þ þ RDF f �x; f �xFð Þ � RDS f �x; f �xFð Þ
6 RDS f �x; f �xFð Þ þ dW DS;DFð Þ
¼ Ex�DS kf �x xð Þ � f �xF xð ÞkK½ � þ dW DS;DFð Þ
¼ Ex�DS kf �x xð Þ � f �xS xð Þ þ f �xS xð Þ � f �xF xð ÞkK½ � þ dW DS;DFð Þ
6 Ex�DS kf �x xð Þ � f �xS xð ÞkK½ �

þEx�DS kf �xS xð Þ � f �xF xð ÞkK½ � þ dW DS;DFð Þ
6 RDS f �x; f �xSð Þ þ RDS f �xS; f �xFð Þ þ dW DS;DFð Þ
¼ RDS f �xð Þ þ dW DS;DFð Þ þ Ex�DS kf �xS xð Þ � f �xF xð ÞkK½ �
Similarly, we have
RDF f �xð Þ ¼ RDF f �x; f �xFð Þ ¼ Ex�DF kf �x xð Þ � f �xF xð ÞkK½ �
¼ Ex�DF kf �x xð Þ � f �xS xð Þ þ f �xS xð Þ � f �xF xð ÞkK½ �
6 Ex�DF jf �x xð Þ � f �xS xð Þj½ � þ Ex�DF jf �xS xð Þ � f �xF xð Þj½ �
¼ RDF f �x; f �xSð Þ þ RDF f �xS; f �xFð Þ
¼ RDS f �x; f �xSð Þ þ RDF f �x; f �xSð Þ

�RDS f �x; f �xSð Þ þ RDF f �xS; f �xFð Þ
6 RDS f �x; f �xSð Þ þ dW DS;DFð Þ þ RDF f �xS; f �xFð Þ
¼ RDS f �xð Þ þ dW DS;DFð Þ þ Ex�DF kf �xS xð Þ � f �xF xð ÞkK½ �
Therefore, the result follows. {
Fig. 11 provides a visualization of the margin loss functionWq, which shows that the empirical margin loss for multi-class

classification R̂S;q f �xð Þ is uuper bounded by a fraction of the sample data points that have been misclassified or correctly
classified with a confidence less than or equal to q as in:
R̂S;q f �xð Þ :¼ 1
N

XN
i¼1

Wq nxDS
xi; yið Þ


 �
6 1

m

XN
i¼1

1nxDS
xi ; yið Þ6q ¼ R̂DS f �xð Þ
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Fig. 11. The margin loss, defined with respect to margin parameter q.
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Theorem 5. Let DS; cS ¼ f �xSh i and DF ; cF ¼ f �xFh i with xS ¼ xF be the sample and the fair correspondence distributions,
respectively. Then, for any d > 0, with probability at least 1� d, the following fair clustering generalization bound holds for all
hypothesis f �x where x 2 W:
RDF f �xð Þ 6 R̂S;q f �xð Þ þ 4K
q

RN KDS Wð Þ� �þ 2

ffiffiffiffiffiffiffiffiffiffi
log 2

d

2m

s
þ dHDH D̂N

S ; D̂N
F

� �þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d log em

2d

m

r

where d ¼ VCdim Hð Þ.
Proof 2. We first derive a margin upper bound of RDS f �xð Þ. Observe that
nx;þ
DS

x; yð Þ :¼ 1y¼f�x xð Þ �max
y02YK

1y0¼f�x xð Þ � 2q1y0¼y
� � ¼ min 2q;1f g if y ¼ f �x xð Þ

�1 otherwise

�

We have nx;þ
DS

x; yð Þ 6 nxDS
x; yð Þ and so E 1nxDS

x; yð Þ
h i

6 E 1nx;þ
DS

x; yð Þ

� �
.

Also we have Wq nx;þ
DS

xi; yið Þ

 �

¼ Wq nxDS
xi; yið Þ


 �
by the definition of Wq.

Now let ~F n
DS

¼ x; yð Þ# nx;þ
DS

x; yð Þ : x 2 W
n o

. By Theorem 3.3 in [26], for any d > 0, with probability at least 1� d, for all

x 2 W:
E Wq nx;þ
DS

x; yð Þ

 �h i

6 1
N

XN
i¼1

Wq nx;þ
DS

xi; yið Þ

 �

þ 2RN Wq � ~F n
DS


 �
þ

ffiffiffiffiffiffiffiffiffiffi
log 1

d

2m

s
:

The slope of the function Wq defining the margin loss is at most 1=q, thus Wq is 1=q-Lipschitz and so

RN Wq � ~F n
DS


 �
6 1

qRN
~F n

DS


 �
by Talagrand’s lemma. Since 1u60 6 Wq uð Þ for all

u 2 R;RDS f �xð Þ ¼ E 1nxDS
x; yð Þ

h i
6 E 1nx;þ

DS
x; yð Þ

� �
6 E Wq nx;þ

DS
x; yð Þ


 �h i
, and Wq nx;þ

DS
xi; yið Þ


 �
¼ Wq nxDS

xi; yið Þ

 �

, we have for any

d > 0, with probability at least 1� d, for all x 2 W:
RDS f �xð Þ 6 1
N

XN
i¼1

Wq nxDS
xi; yið Þ


 �
þ 2
q
RN

~F n
DS


 �
þ

ffiffiffiffiffiffiffiffiffiffi
log 1

d

2m

s
:

Next to derive an upper bound of RN
~F n

DS


 �
, we observe the following, similarly to the proof of Theorem 9.2 in [26]:
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RN
~F n

DS


 �
¼ 1

N ES;r sup
x2W

XN
i¼1

rin
x;þ
DS

xi; yið Þ
" #

¼ 1
N ES;r sup

x2W

XN
i¼1

ri 1yi¼f�x xið Þ �max
y2YK

1y¼f�x xið Þ � 2q1y¼yi

� �� �" #

6 1
N ES;r sup

x2W

XN
i¼1

ri1yi¼f�x xið Þ

" #
þ 1

N ES;r sup
x2W

XN
i¼1

rimax
y2YK

1y¼f�x xið Þ � 2q1y¼yi

� �" #
The first term in the right hand side of the above inequality is upper-bounded as follows:
1
N Er sup

x2W

XN
i¼1

ri1yi¼f�x xið Þ

" #
¼ 1

N Er sup
x2W

XN
i¼1

X
y2YK

ri1y¼f�x xið Þ1y¼yi

" #

6 1
N

X
y2YK

Er sup
x2W

XN
i¼1

ri1y¼f�x xið Þ1y¼yi

" #

¼ 1
N

X
y2YK

Er sup
x2W

XN
i¼1

ri1y¼f�x xið Þ
2�1y¼yi

�1
2 þ 1

2


 �" #

6 1
2m

X
y2YK

Er sup
x2W

XN
i¼1

riRi1y¼f�x xið Þ

" #

þ 1
2m

X
y2YK

Er sup
x2W

XN
i¼1

ri1y¼f�x xið Þ

" #

¼
X
y2YK

1
N Er sup

x2W

XN
i¼1

ri1y¼f�x xið Þ

" #
6
X
y2YK

R̂DS KDS Wð Þ� �

where Ri :¼ 2 � 1y¼yi � 1 2 �1; þ1f g and ri and riRi admit the same distribution. Therefore we have
1
N
ES;r sup

x2W

XN
i¼1

ri1yi¼f�x xið Þ

" #
6 KRN KDS Wð Þ� �
The second term in the right hand side of the above inequality is upper-bounded as follows. Observing that �ri and ri are
distributed in the same way and using the sub-additivity of sup and Lemma 9.1 in [26] leads to
1
mES;r sup

x2W

Xm
i¼1

rimax
y2YK

1y¼f�x xið Þ � 2q1y¼yi

� �" #

6
X
y2YK

1
mES;r sup

x2W

Xm
i¼1

ri 1y¼f�x xið Þ � 2q1y¼yi

� �" #

¼
X
y2YK

1
mES;r sup

x2W

Xm
i¼1

ri 1y¼f�x xið Þ
� �� 2q

Xm
i¼1

ri1y¼yi

 #
¼
X
y2YK

1
mES;r sup

x2W

Xm
i¼1

ri1y¼f�x xið Þ

" #
6 KRm KDS Wð Þ� �"
since ri have zero mean. Therefore we have the following general margin bound of RDS f �xð Þ
RDS f �xð Þ 6 R̂S;q f �xð Þ þ 4K
q

RN KDS Wð Þ� �þ 2

ffiffiffiffiffiffiffiffiffiffi
log 2

d

2m

s
þ

ffiffiffiffiffiffiffiffiffiffi
log 1

d

2m

s

Finally we derive a generalization upper bound for dHDH DS;DFð Þ as follows: By Theorem 3.3 in [26], for any d > 0, with prob-
ability at least 1� d=2 for all x 2 W (for all g ¼ f �xð Þ 
 f �x0ð Þ 2 HDH):
dW DS; D̂N
S

� � ¼ sup
x;x02H

jRDS f �x; f �x0ð Þ � R̂D̂N
S
f �x; f �x0ð Þj ¼ sup

g2W
jEDS 1g

� 	� ÊD̂N
S
1g
� 	j

6 2RDS Wð Þ þ
ffiffiffiffiffiffi
log2d
2m

q
:

Also similarly we have, for any d > 0, with probability at least 1� d=2 for all x 2 W:
dW DF ; D̂m
F

� �
6 2RDF Wð Þ þ

ffiffiffiffiffiffiffiffiffiffi
log 2

d

2m

s
:

Utilizing the triangle inequality and symmetry property of dW �; �ð Þ, we have, for any d > 0, with probability at least 1� d for
all x 2 W:
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dW DS;DFð Þ 6 dW DS; D̂N
S

� �þ dW D̂N
S ; D̂N

F

� �þ dW D̂N
F ;DF

� �
6 dW D̂N

S ; D̂N
F

� �þ 2RDS Wð Þ þ 2RDF Wð Þ þ 2
ffiffiffiffiffiffi
log2d
2m

q

Observe that VCdim Wð Þ 6 2VCdim Hð Þ as in [2] since anyx 2 W can be represented as a linear threshold network of depth 2
with 2 hidden units. Note also that 2x xð Þ � 1 2 �1;1f g sincex xð Þ 2 0;1f g. Therefore this result combined with Corollary 3.9
of [26] leads to
RDS Wð Þ 6 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4d log em

2d

m

r
; and RDF Wð Þ 6 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4d log em

2d

m

r

where d ¼ VCdim Hð Þ.

Remark: (i) The first term is the sample error caused by a discrepancy between the ground-truth sample density and the
approximate support density. This is expected to be small with a large sample size, as the estimated density converges
asymptotically to the true support density. The fourth term vanishes when xS ¼ xF . Finally, the rest of the terms asymptot-
ically converges to zero, when the number of samples N is sufficiently large and the q converges to 1. In contrast, the bound
becomes loose when the empirical sample size is small and when the support density does not reflect the ground-truth sam-
ple density.

(ii) Under the restriction xS ¼ xF , it is well-known in many literatures (cf. [26]) that the generalization upper bound in
the multi-class kernel-based learning machines becomes: for any d > 0, with probability at least 1� d, for all

h 2 HK;2 x; yð Þ ! wy �U xð Þ : W ¼ w1; . . . ;wKð ÞT ;PK
i¼1kwik2 6 D2

n o
,

R hð Þ 6 1
N

XN
i¼1

ni þ 4K

ffiffiffiffiffiffiffiffiffiffi
r2D2

N

s
þ

ffiffiffiffiffiffiffiffiffiffi
log 1

d

2N

s
; ðA:2Þ
where ni ¼ max 1� wyi �U xið Þ �maxy0–yiwy0 �U xið Þ� 	
;0

� �
for i ¼ 1; . . . ;N. We can find that under the restriction xS ¼ xF , the

second and third term asymptotically converges to zero as N ! 1, which shows that the upper bound is asymptotically
tight. However, when the source and the target distribution is different, the upper bound cannot be tight as expected!.

Theorem 6. Let a sample S ¼ x1; . . . ;xNf g be generated by a distribution DS with a sample support density pS xð Þ. Assume the
following conditions are satisfied,
lim
N!1

qN ¼ 1 and lim
N!1

NC2
Nq

d=2
N ¼ 0:
Then the estimate pN xð Þ of the form
pN xð Þ ¼ qN=pð Þn=2
XN
i¼1

�bie�qNkx�xik2 ;
converges asymptotically to pS xð Þ.
Proof 3. To show the asymptotic convergence to pS xð Þ, we need to show the followings.
lim
N!1

E pN xð Þ½ � ¼ pS xð Þ
lim
N!1

Var pN xð Þ½ � ¼ 0
First notice that for any fixed x the value of pN xð Þ depends on the i.i.d. random samples x1; . . . ;xN . If we let

dN x� xið Þ ¼ qN=pð Þd=2e�qNkx�xik2 , then dN x� xið Þ ! 0 if x– xi, with normalization
R
dN x� xið Þdx ¼ 1 since qN ! 1 as

N ! 1. Thus we have dN x� xið Þ approaches a Dirac delta function d x� xið Þ as N ! 1. Therefore we get
lim
N!1

E pN xð Þ½ � ¼ lim
N!1

XN
i¼1

�biE dN x� xið Þ½ � ¼
XN
i¼1

�bi lim
N!1

R
dN x� vð ÞpS vð Þdv

¼
XN
i¼1

�bi

 !R
d x� vð ÞpS vð Þdv ¼ pS xð Þ
Furthermore, since for any fixed x; pN xð Þ is the weighted sum of functions of statistically independent random variables, i.e.

pN xð Þ ¼PN
i¼1

�bi qN=pð Þd=2e�qNkx�xik2 , the variance is
176



Fig. 12.
of samp

W. Lee, H. Ko, J. Byun et al. Information Sciences 581 (2021) 155–178
lim
N!1

Var pN xð Þ½ � ¼ lim
N!1

XN
i¼1

E �b2
i qN=pð Þde�2qNkx�xik2

h i
� 1

N E pN xð Þ½ �2
 !

6 lim
N!1

max
i

�bi

� �2

qN=2pð Þd=2NE 1
N

XN
i¼1

2qN=pð Þd=2e�2qNkx�xik2
" #

6 lim
N!1

NC2
N qN=2pð Þd=2E pS xð Þ½ � ¼ 0
since maxi
�bi 6 CN and NC2

Nq
d=2
N ! 0 as N ! 1.

Since the dual optimal solutions ¼bj where C; qð Þ ¼ CN ; qNð Þ are in the set SN�b ¼ �b ¼ �b1; . . . �bN
� �T

:
PN

i¼1
�bi ¼ 1; 0 6 �bi 6 CN

n o
and the volume of the set SN�b shrinks to zero as CN ! 1, controlling the parameters CN; qNð Þ as above leads to the decision
function such as
f xð Þ ¼ 1� 2
XN
i¼1

�bie�qNkx�xik2

þ
XN
i;j¼1

�bi
�bje�qNkxi�xjk2 :
converges to an unknown density function up to a constant multiple.
Appendix B. Additional results

See Figs. 12 and 13.
Visualization of the clustering results of census dataset of our method with varying number of clusters from k = 2 to 9. We used maximum number
les for census dataset.
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Fig. 13. Visualization of the clustering results of bank dataset of our method with varying number of clusters from k = 2 to 9. We used maximum number of
samples for bank dataset.
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