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Imputation of missing data is an important but challenging issue because we do not know the underlying
distribution of the missing data. Previous imputation models have addressed this problem by assuming
specific kinds of missing distributions. However, in practice, the mechanism of the missing data is un-
known, so the most general case of missing pattern needs to be considered for successful imputation.
In this paper, we present cycle-consistent imputation adversarial networks to discover the underlying
distribution of missing patterns closely under some relaxations. Using adversarial training, our model
successfully learns the most general case of missing patterns. Therefore our method can be applied to a
wide variety of imputation problems. We empirically evaluated the proposed method with numerical and
image data. The result shows that our method yields the state-of-the-art performance quantitatively and

qualitatively on standard datasets.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Deep learning society has grown tremendously in recent years,
leading to increasing demand for large amounts of data. However,
since procuring complete data is rarely feasible in the real world, it
is very important to recover at least enough information to analyze
from incomplete data [1,2]. A common method to deal with this
problem is to build an appropriate algorithm to impute the missing
data.

There are three types of missing pattern assumptions used ac-
cording to the dependency: (1) The data is missing completely at
random (MCAR) if its missingness occurs completely randomly re-
gardless of the value of the data. Assuming the missing pattern
to be MCAR is a simple approach, but an unrealistically strong as-
sumption in practice. (2) The data is missing at random (MAR) if
the missing data depends on observed data but not on unobserved
data. (3) The last type of missing pattern is missing not at random
(MNAR), where the missing data depends on unobserved data as
well as observed data [3]. It is the most general case of missing,
since it can encompasses all types of missing patterns. In the real
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world, since the true missing pattern is unknown, the most gen-
eral case of missing pattern needs to be considered for successful
imputation.

Previous approaches to missing data imputation are based on
a sequential equation [4] or the EM algorithm [5]. Recently, deep
learning has been widely adopted in missing data imputation [6-
11]. Deep learning-based methods have extended their imputation
applications to high-dimensional image data [12].

Constructing an missing value imputation model is a different
and more challenging problem than standard learning procedures,
due to two main reasons. First, there are no complete and in-
complete data pairs, i.e., it is impossible to know the true value
of missing part of the incomplete data. Therefore it is infeasible
to train a model that predicts the missing value because the true
value is not recorded in data. Second, it is hard to know the miss-
ing pattern of the data. If we can identify the missing pattern of
the data, it will be able to generate a synthetic pair of complete
and incomplete data.

Learning-based imputation methods can be categorized as ei-
ther reconstruction or adversarial training. Reconstruction based
approach focuses on reconstructing a predicted sample similar to
the original data, by generating synthetic missing data from com-
plete data. Adversarial training based approach tries to generate a
realistic imputed sample, by using GAN [13] based loss functions.
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The former can reconstruct the missing values of incomplete data.
However this approach has a limitation that it is hard to build a
model that can consider the missing pattern, unless we know the
true distribution of missing. The latter approach can be applied to
a wide variety of unknown missing distributions. However, since
this approach does not predict the missing value by training, it
may not show robust performance under high missing rate.

To overcome such difficulties, in this paper, we suggest a
method that combines two different imputation approaches. We
assume that we have access for the complete data distribution and
the suggested algorithm can be optimized through deep learning
framework. Under this assumptions, we suggest a novel imputa-
tion method that identifies the missing pattern of the data by us-
ing adversarial training approach and builds an imputation model
by using reconstruction approach.

Our proposed method consists of two simultaneously trained
generators. One generator creates synthetic missing samples indis-
tinguishable from real incomplete data. At the same time, the other
reconstructs full data from synthetic missing samples similar to the
corresponding original data. In this way, our suggested model can
handle various imputation problems without any assumptions on
the missing patterns.

We demonstrated the theoretical basis of our proposed method
and empirically evaluated it on several numerical and image
datasets. From the imputation results of the numerical datasets,
we showed that our method outperforms previous methods in var-
ious missing patterns and datasets. Through experiments on im-
age datasets, we visualize that our method successfully captures
the characteristics of underlying missing patterns from incom-
plete dataset, and successfully reconstructs the missing parts of
the data. Although a theoretical basis for convergence of our pro-
posed method is not given, we have provided empirical results on
synthetic Gaussian examples that quantitatively shows our method
can estimate the ground-truth missing pattern.

Our main contributions are as follows:

1) The proposed model can learn all types of data missing pat-
terns without having any assumptions on the missing patterns.
It makes our model applicable to a wide variety of imputation
problems.

2) We provide theoretical backgrounds of our suggested method
based on variational approach. From the perspective of varia-
tional inference, we demonstrate that our method approximates
the joint distribution between incomplete data and complete
data, and it can learn the underlying missing and imputation
processes, when we have access to the complete data and the
model converges.

3) Our model outperforms state-of-the-art models by introducing
the framework of cross-domain translation. We quantitatively
demonstrate the superior performance of our method on nu-
merical datasets. In addition, we qualitatively visualized that
our method successfully learns the missing patterns and im-
putes the missing values.

2. Literature review
2.1. Missing cases and imputation

We use the following notations to describe the missing pat-
terns. X denotes a random variable for the data in the d-
dimensional space &, and M is a random variable for a binary
mask in {0,1}¢ representing observed entries as 1 and miss-
ing entries as 0. We then denote a random variable X% as
X = fu(X) = (XOM,1-M) e x* = X x {0,1}4, where f(X) is
a masking function that drops the values of X in the locations of
missing parts denoted by 1 — M, and © is an elementwise multipli-
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cation. We denote x and x° as realizations of the variable X and
Xobs respectively.

We represent the data distribution as X ~ ¢*(X) and the impu-
tation process as X ~ p(X|X°). Especially, we denote the missing
process as M ~ p(M|X) (or equivalently, X% ~ p(X°5|X)) since M
may depend on the data X. We also denote the data distribution of
incomplete data as X% ~ p*(X°5). Now we introduce some useful
assumptions on the missing patterns.

The missing pattern is said to be MCAR if the probability of be-
ing missing does not depend on the data. This implies that the rea-
sons of the missing are not related to the data. It can be expressed
as

p(M|X) = p(M). (1)

Assuming MCAR in imputation problems is convenient, but this
setting is often unrealistic for the data at hand.

The missing pattern is said to be MAR if the missing pattern
may depend on observed information. It can be expressed as

pMIX) = p(M[X°¥). (2)

It is more general and realistic than MCAR, but still restricted to
specific cases.

Finally, the missing pattern is MNAR if the probability to be
missing depends on information of the data, including the miss-
ing values itself. It is the most general case that can consider all of
the missing types, but the most challenging one.

In real world application of imputation methods, it is impos-
sible to know the underlying distribution of the missing pattern
what kinds of missing patterns they belongs to. Therefore it is rea-
sonable to consider the most general missing pattern p(M|X) with-
out any assumption for solving the missing problem.

2.2. Imputation methods

In many scenarios, two different kinds of data are prepared to
address the problem of missing data imputation: complete data D
(Fig. 1a) and incomplete data DS (Fig. 1b). Until recently, most
work on imputation methods exploited only one of the two to con-
struct a model.

First, a reconstruction based approach uses complete data D for
training. As illustrated in Fig. 1c, these models generate the syn-
thetic training data pair (x, £%) by using all x € D, where %o
denote generated synthetic incomplete data that corresponds to
x. Then they build a model G(x°) which can reconstruct data
& = G(%°bs), this is similar to the original data x, by minimizing
Lrecon (X, X). The advantage of this approach is that it works con-
sistently well when the missing rate in the test stage is even high.

The performance of the reconstruction based approach depends
on how similar the synthetic training pair is to the real ones. If the
synthetic incomplete data deviates from the real incomplete data,
the imputation model may not be well generalized to the test data.
However, it is hard to generate synthetic incomplete data £ un-
less we know the true distribution of missing pattern p(M|X). Pre-
vious methods address this problem by using a predefined mask
generator, but a generated mask may not reflect the true under-
lying missing distribution. MIDA [9], a Denoising Autoencodoer-
based model, uses a drop-out approach to build synthetic data
pairs (x, %0%). VAEAC [14] also belongs to reconstruction based ap-
proach, which applies the idea of a Variational Autoencoder [15] to
missing data imputation. It uses a drop-out mask and a rectangular
mask in training.

An adversarial training-based approach uses incomplete data
DS, Given x% ¢ Do, rather than recovering £ similar to the cor-
responding x (which is not available), this approach tries to gener-
ate the imputed data G(x°%), that seems to be sampled from the
data distribution, encouraging G(x°) to simulate p(X|X°s = xobs),
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Fig. 1. 1a MNIST examples of complete data x € D, 1b: Incomplete data x° € DS, 1c: Reconstruction approach of imputation, 1d: Adversarial approach of imputation.

Table 1
Required assumptions on the missing pattern for previous imputation methods.

Required assumption on the missing pattern  Reconstruction

MIDA Missing pattern is known o
MICE Only under MCAR and MAR X
Amelia Only under MCAR and MAR x
Missforest ~ Only under MCAR and MAR X
GAIN None X
Ours None o

The process of an adversarial training-based method is illustrated
in Fig. 1d. This approach is easier to apply because it does not re-
quire complete data, and can also be applied to various kinds of
unknown missing data patterns. However, since the training of this
approach heavily relies on GAN based loss functions, it does not
show consistent imputation performance.

GAIN [10] has taken the approach of using an element-wise dis-
criminator to generate imputed data indistinguishable from the ob-
served part of the sample. Unfortunately, since GAIN does not use
the information of true distribution p(X°s), it does not show ro-
bust performance with high missing rate. Recent research in Mis-
GAN [12] and HI-VAE [16] propose to use GAN and VAE-based
framework respectively, when there only exists incomplete data.
These studies also suggested an architecture to complete missing
data by using a data generator which represents the true data dis-
tribution. Still, it may fail to reflect the true conditional distribu-
tion p(X|Xs).

The limitations of reconstruction and adversarial training based
approaches arise from their use of only one domain of data. Be-
cause complete observed data set D and incomplete observed set
DS are unpaired, MIDA and VAEAC chose to use the complete
dataset, while GAIN and MisGAN chose the incomplete dataset.

Both approaches have critical problems when the assumption
doesn’t meet the true missing patterns. Nevertheless, many ear-
lier studies, including above papers, didn’t consider the case where
there are relationships between the missing pattern and the data,
such as MNAR or MAR. Even in the fields of image inpainting, they
usually assumed missing pattern occur randomly or independently
from the original images as well [17-19].

From the perspective of missing patterns, we summarized the
types of missing patterns assumed by previous methods in the
Table 1. In the case of MIDA [9], it can only consider the miss-
ing pattern that is predefined by the user. Therefore this method
is effective if the user is well aware of the true missing pattern,
which is unrealistic. GAIN [10] considers the missing pattern which
was occurred in the dataset. Therefore, this method can handle
general missing patterns same as ours. However, since GAIN does
not generate the synthetic missing patterns, it can not be trained
to estimate the missing value. Therefore, only the discriminator is
responsible for whether the missing value is properly estimated
in the training process, so even though it can theoretically han-
dle general missing patterns, it does not show a competitive im-
putation performance. Traditional multiple imputation approaches
[4,5,20] consider only the cases of MCAR and MAR, that ignored

the case when the missing pattern can be conditional to the miss-
ing part of the data.

The reason why previous methods could not consider the most
general cases in missing is because they could not access to the
value of missing data x™5, Therefore it was hard to identify the
conditional relationship between the data x and the m, and to
build an imputation model that can consider this relationship. In
this paper, we solve this problem by modeling the missing pattern
p(M|X) by using GAN-based data-to-data translation framework. In
addition, by using the parametrized missing generator, we solve
the unpaired problem in missing data. In this way we can build
an imputation model that does not assume any specific missing
patterns.

Recently there have been several approaches using GAN
for image-to-image translation [21-23]. CycleGAN [21] efficiently
learns a generator so that the distribution of G(X) is indistin-
guishable from the distribution of Y. The model couples it with
an inverse mapping F(Y) by introducing the concept of cycle-
consistency to enforce F(G(X)) ~ X.

3. Method
3.1. Formulations

Given observed data x°, our goal is to model the conditional
distribution of corresponding imputed data p(X|X°S) and to gen-
erate desired imputed samples & from p(X|X° = x55). In general,
to learn the conditional distribution p(X|Y) by a conditional gen-
erative model framework, a set of pairs (x,y) is required. However,
in the scenario of imputation, we are only given observed data x°
for training, without access to the complete data x corresponding
to xobs.

In this paper, to solve a wider range of problems and bring
some potential benefits, we put relaxation on this imputation
problem by assuming that we have access to incomplete data x°
and the fully complete data x. To explain in more detail, we assume
that a pair of datasets, complete dataset D c X and incomplete
dataset D c x*, is available, while each pair of data (x, x%) is
not available.

Through adopting this relaxation, we can potentially bring some
advantages to the imputation process by accessing the full data
distribution. Considering that the typical missingness problem for-
mulation is purely based on incomplete data, it is an open prob-
lem for imputing the missing values and estimating the missing-
ness mechanism especially when it is MNAR. However, if we use
a complete dataset D during an imputation process, we can expect
that the model has better explanatory power by observing the gen-
eral distribution of the original data x than that of the setting not
using a complete dataset.

Note that, for some cases, it might be unable to gain a com-
plete dataset. For example, the case when a measuring instrument
does not work for above a certain value. However, considering that
missing patterns are usually stochastic, we believe that relaxation
is a weak assumption in the real-world problem.
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Fig. 2. The proposed method exploits two loss function. 2a: Adversarial loss ensure that each generated image G, (x) and Gy (xb) is indistinguishable from respective domain
X and &x*, 2b: Cycle-consistency loss ensure the reconstructed image X similar to the original image x.

Under this setting of an unpaired data-to-data translation prob-
lem, we propose to exploit adversarial loss and cycle-consistency
loss to learn a mapping between the two domains X and X*.

3.2. Proposed method

Our goal is to learn the underlying missing and imputation pro-
cess with neural networks. We model the missing procedure as G
with the missing process parameter ¢ and the imputation process
as Gy with the imputation process parameter 6. Since it requires
G4 and Gy to be stochastic sampling networks for multiple impu-
tation, we concatenate the input x or x°® with a random noise
€ ~ p(e). For example, to get the imputed sample from a given
X% we can randomly draw a noise vector € and compute Gy (%, €).
To generate samples indistinguishable from true data, we use ad-
versarial training framework for each process.

As shown in Fig. 2a, we train Dy and G, to model the missing
mechanism ¢y (X°s]X) by the generator Gy (X, €). Simultaneously,
we model the imputation process py(X|X°S) by learning D, and
Gy. The objectives for the variational GAN minimax problem are
defined as follows:

Viniss(Dg, Gg) = Eq*(x)p*<xobs)[1n(D¢ (XObS; X)N]
+Eq-)pie)[IN(1 = Dy (G (X, €): X))] (3)

Vimpute(DF)’ GF)) = IEp*(X"'JS)q*(X)[lnDO (X§X0bs)]
+Ep*(xobs)p(£))[ln(] - Dg (Gg (XObs, 8); XObs))] (4)

In addition, we combine this objective with the cycle-
consistency loss in Eq. (5) to encourage £ = Gp(Gy(X.€),€) ~x as
represented in Fig. 2b.

Veye (G, Go) = Egxyp(e) [ 1Go (G (X, €), €) - XI3] (5)
The reason for not using full cycle loss is that the other side of
cycle loss forces the missing generator to be deterministic but we
wanted it to be more stochastic. For more details of full cycle loss,
please refer to Section 5.3.
Finally, our total loss combining (3)-(5) can be obtained as fol-
lows:

min max V(D,G)
G=(G,,Gy) D=(Dy.Dy)

= miss(D¢>a G¢) + )"lvimpure(Dé?, GO) + A'Zchc(G(pa GG) (6)

where A; and A, control the importance of each objective. In the
experiments, we use A; =1 and A, = 10 for numerical dataset and
A1 =1 and A, = 100 for image dataset. They were determined ex-
perimentally on a logarithmic scale, respectively.

The algorithm for our proposed method is in Algorithm 1. We
have denoted the random variable X° that contains the informa-
tion of the binary mask M that represents the observed entries as
1 and missing entries as 0. For the empirical experiment, we used
value of the incomplete data X°» as well as the mask M as an in-
put of the imputation generator Gg.

Algorithm 1: Proposed method.

Input : incomplete data (X¢b)
(Xk)llzlzl'
Output: imputation generator and discriminator Gy, Dy,
missing generator and discriminator Gy, Dy.
for 1, ... #epochs do
Sample mini-batches of m examples from incomplete data
Bobs = {Xobs . Xs} and complete data B = {X;. ... Xn}
Sample m noise samples {eq, ..., €n} from N(0,])
GAN loss with X
Vimiss = 7 i [In(Dy (X)) + In(1 = Dy (X05))]
where X = Gy (Xi. €)
GAN loss with X
Vimpute = % Ziril[ln(DG (X)) +1In(1—Dy (Xl))]
where Xi = Gg (Xl-ObS, Ei)
Cycle-consistency loss
chc = % Z:T;][HX, —Xi”%]
where X; = Gy (X, ;)

¥, and complete data

V= Vmiss + Oévimpute + ﬂVCyC
0.¢ = Adam(9, ¢, VoV, V4V, V)

end

4. Theoretical results

In this section, we establish theoretical results for our method
based on the variational approach. First, from the perspective of
variational inference, we demonstrate that our method approx-
imates the joint distribution between the incomplete data and
the complete data. We assume that we have access to the com-
plete data and the algorithm can be optimized through adversarial
learning and cycle-consistency loss. Under this assumption, we ar-
gue that through optimizing the proposed objective in Eq. (6), we
can attain G4 and Gy modeling the real missing and imputation
processes, which are represented as q(X°s|X) and p(X|X°s).

Now, we show that our method approximates the joint distribu-
tion between the incomplete data and the complete data by using
variational inference. Suppose we have complete data X ~ g*(X)
and incomplete data X5 ~ p*(Xs),

We assume that X° is governed by its underlying hidden com-
plete variable X, which is drawn from a prior g(x) and related to x
through the likelihood g, (xs|x). Accordingly, the joint density of

x and x° is given by

g (X, X)) = q (X |X)q* (x) (7)

We specify the likelihood through a mapping G, that takes as
input random noise € and complete data x,

Xobs ~ q¢ (Xob5|x)

X = Gy(x,€), €~ p(e) (8)
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Here, for simplicity of notation, we assume that x° contains the
information of the mask 1M, where x% can be expressed as x ®
t, similar to random variable X°%. Then we define the variational
approximation to the joint distribution as

Po (X, X*) = pg (x[x°) p* (x*). 9)
We specify the likelihood through an inverse mapping G, that
takes as input random noise & and observable incomplete data x°bs,

X ~ pp(x|x) (10)

x=Gy(x™;¢), &~ p(e). (11)

Recall that g*(x) and p*(x°) denote the empirical distribution
with complete data and the incomplete data.

First, we consider directly approximating the joint distribution
qgp (x, x°bs) through a variational joint py(x, x°%) closest in KL di-
vergence (equivalent to maximum likelihood estimator when g is
a true joint distribution) as

KL[gg (x, x°*)| | pg (x, x°*)]
= Eq¢ (x,x0bs) []n q¢ (X, XObS) —In Po (X, XobS)]
= Eq*(X)Q¢(X°b5|X)[_ ]n Do (xlxobS)]
+Eg- KLy (% [%)[| p* (x**)] - Eq [~ Ing* (x)]. (12)

where the last term Eg[—Ing*(x)] is the entropy of g*(x) and a
constant w.r.t. parameters 6 and ¢.

The first term of the Eq. (12) is the negative expected log pos-
terior (NELP), defined as

LNeLp (97 ¢) = ]Eq* (*)a, (xobslx)[_ In Do (X|X0bs)]

= Eq*(x)p(e)[_lnpe(x|c¢(x76))] (13)
where the last equality comes from reparameterization trick as in
Kingma and Welling [15].

We demonstrate that minimizing the cycle-consistency loss in
Eq. (5) corresponds to minimizing the NELP 13.

Theorem 1. If Py (X|x%%) = N (x| Gy (x°P5), 51, then
min%_(;g Veye (Gg, Gg) reduces to min Lygrp(0, @).

The second term in Eq. (12) is the KL divergence between
dp (x°%s|x) and the empirical density p*.

Theorem 2. Minimizing Eq-KL[q (x°|x)||p*(x°)] over ¢ can be
achieved by solving

min max Vmissing (D¢ ’ G¢ )
Gy Dy

Theorems 1 and 2 implies that

min max Viis(Dg, Gg) + ¥ Ve (Gy, G 14
G- (Corty) DDy D) miss(Dg» Gp) + ¥ Veye (G, Gg) (14)

reduces to  ming g KL[qy (%, x5 || pg (x, x°%)]  and Eq-KL

[q (x°%|x)|| p*(x°%5)], thereby approximating the joint distribu-
tion qg (x, x°bs) through a variational joint py(x,x°%%) as well as
matching the conditional distributions for missing mechanism.
However, it only models a possible translation between two
domains through joint distribution, not necessarily the true con-
ditional distributions for imputing mechanism. Therefore, it can
mislead us to learn generators matching any pair in the two
domains, failing to reflect the target conditional relations for
imputation (to match pg (x|x°%) to g*(x) for each xo).

To this end, we next plan to approximate g*(x) by seeking a
variational conditional pg (x|x°) closest in the mean KL divergence
with respect to x°% as follows

E - (o) KL[IN pg (X% || g% (x)] (15)
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Table 2
Description of numerical datasets.

Dataset # of attributes  # of samples
Boston Housing 12 506
Glass 9 215
Satellite 36 500
Shuttle 9 500
Soybean 60 208
Vehicle 18 846
Vowel 9 991

Table 3

Network architectures for Numerical datasets.
Model Structure
Gy = Giss FC(2 x Dim)-FC(2 x Dim)-FC(1 x Dim)
Gy = Gimpute FC(4 x Dim)-FC(2 x Dim)-FC(1 x Dim)
Dy = Dpiss FC(2 x Dim)-FC(1 x Dim)-FC(1)
Dy = Dimpute FC(2 x Dim)-FC(1 x Dim)-FC(1)

Theorem 3. Minimizing B, (XDbS)KLlln po (x|x°P)]|q* (x)] over 6 can
be achieved by solving

min max Vimpu[e (D9 s GG )
Gy Dy

Hence, the proposed method provides an imputation generator
G} that can achieve the best imputation results if it can learn the

missing mechanism p(X°$|X) using the missing generator G(‘;.

5. Experiments

First, we tested our suggested method on numerical datasets.
We evaluated missing imputation performance on various UCI
datasets [24] and compared it with recent state-of-the-art meth-
ods.

However, evaluation on the numerical datasets has some limi-
tations. Through experiments on numerical datasets, it is not easy
to check our method successfully learned the missing patterns at a
glance.

Considering the above limitations, we continue by extending
our experiment to image datasets. We observed how well our
method imitates the mask for various kinds of missing patterns.
For image datasets, we used the MNIST [25] and Fashion-MNIST
datasets [26] to visualize imputation results and measure the pre-
diction performance.

5.1. Numerical datasets

5.1.1. Settings

Data. We evaluated our method on datasets from the UCI
repository [24] (Boston Housing, Glass, Satellite, Shuttle, Soybean,
Vehicle, and Vowel). We removed categorical and ordinal variables
and used only numerical variables for missing data imputation. We
randomly split the data into training set (70%), validation set (10%),
and test set (20%). After splitting, we applied various missing pat-
terns (MCAR,MAR, and MNAR) to each of the sets. Then we used
training set to build a model, and conducted hyper-parameter tun-
ing by using XS in validation set, finally evaluated on X° in test
set. By mitigating the probability of missing, we experimented on
various missingness proportion from 10% to 90% (Table 2).

Network architecture. In numerical dataset experiments, we
used Fully Connected(FC) layer structures. Generator Gy, Gy and
discriminator Dy, Dy are composed of three FC layers. For all
layers, ReLU is used as activation function, except following cases.
Detailed structures are in Table 3.
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Table 4
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Imputation results in numerical data in Random setting, differing missingness proportion from 10% to 90%, in terms of MSE.
The y-axis in the figure represents log scale of regularized MSE value of each method divided by MSE of mean imputation
(MSE ethod /MSEnean )- Methods are illustrated in different color; MIDA : Orange, GAIN : Yellow, Amelia : Green, MICE : Blue,

Missforest : Purple, and Ours : Red.
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Missing pattern. We used three kinds of missing data generation
processes for numerical data experiment: MCAR, MAR, and MNAR.
For MCAR case, we randomly erased a% of the data as 0, where a
is proportion of missingness from 10% to 90%. Meanwhile, for MAR
and MNAR case, we followed the method in Gondara and Wang
[9].

First, we randomly sampled two attributes x; and x, from the
dataset and calculated their medians. We used two types of miss-
ing attribute selection.

e Random setting: We randomly select the half of the attributes
that can be missing.

o Uniform setting: We select all of the attributes that can be miss-
ing.

Then we append a value a to all observations, and for each
observation set the values of selected the attributes as 0 where
(x; < 1.5 x median(x;) or x, > 0.5 x median(x,)). The difference
between MAR and MNAR is that for MAR the values x; and x, does
not be missed while in MNAR cases, the values can be missed.

Additionally, we experimented MAR and MNAR settings by us-
ing three attributes (xq,x,, and x;) to demonstrate the imputa-
tion performance of our method in more complicates cases. We

refer this settings as MAR®> and MNAR?. We tested this settings on
datasets that have more than 10 attributes (Boston Housing, Satel-
lite, Sonar, and Vehicle).

Evaluation. We used Mean Squared Error (MSE) and sum of Root
Mean Squared Error (RMSE) as the evaluation metrics of this ex-
periment. Since MSE measures the squared error of each column,
the performance of MSE can depend on variables of high value and
variance. Therefore, we also used RMSE to compensate for weak-
nesses of MSE. They are defined as follows :

11,
MSE:EZE Z(X,‘—Xi)z s (16)

i=1 i=1

RMSE = Xm: E i()?l —X,‘)2 . (17)
i=1 i=1

Comparison We evaluated the imputation performance of our
method, comparing it with six different imputation models: Amelia
[5], MICE [4], MIDA [9], GAIN [10], Missforest [20] and mean im-
putation. For Amelia, MICE, and Missforest, we used the R-package
provided by the authors. We also used source code provided by
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Imputation results in numerical data in Uniform setting, differing missingness proportion from 10% to 90%, in terms of MSE.
The y-axis in the figure represents log scale of regularized MSE value of each method divided by MSE of mean imputation

(MSEmerhnd /MSEMean )
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the authors in MIDA and GAIN. We also compared our method
with mean imputation, the most popular missing data imputation
method. In all settings we focused on imputing the missing part
of the D by using the knowledge of the complete dataset D and
the observed part of Ds,

5.1.2. Imputation performance

The results of numerical experiments are summarized in
Tables 4-7. Tables 4 and 5 show imputation results in RMSE, while
Tables 6 and 7 show results in terms of RMSE. In each figures,
x-axis represents missingness proportion while y-axis represents
log scale of regularized MSE or RMSE which is divided by MSE or
RMSE results of Mean imputation. In every figures, we can find
that our method (Red) shows robust performance compared to
other methods (the lower the better).

Fig. 3 illustrates the Histogram of the number of experiments
with the best performance for each method. For MCAR imputation
tasks (Fig. 3a), our methods showed best results in 132 tasks out
of 250 tasks. In MAR and MNAR tasks (Fig. 3b, our method was
best in 129 tasks and 154 tasks, respectively. This results show that
our method shows superior results in all three missing imputa-
tion problems. In addition, since our method can handle the im-
putation problems when missing pattern is conditional to the data

(MAR and MNAR), it performed much better in those two tasks.
In all three missing patterns tasks, Missforest, Amelia, and MICE
also showed competitive results. This can be interpreted that mod-
els that assumed a complex missing pattern showed better perfor-
mance.

Among 712 experimental results, our method shows best per-
formance in 415 cases, while Missforest and Amelia show 164 and
72, respectively. We can find that our suggested model outper-
formed previous models in various missing experiments.

Imputation results on MAR®> and MNAR? are summarized in
Tables 8 and 9. For MAR? imputation tasks, our method showed
best results in 78 tasks our of 144 tasks, while Missforest and
Amelia showed 44 and 13, respectively. In MNAR3? tasks, our
method was best in 89 tasks. This results show that our method
demonstrates superior performance in complicated missing tasks.

5.2. Image datasets

5.2.1. Settings

Data. MNIST is a dataset consist of 60,000 training examples.
In the experiment, we divided the entire training set into halves,
and used them as D and D5, respectively. In the case of DATA-
DEPENDENT missing evaluation, we only used samples with a la-
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Imputation results in numerical data in Random setting. differing missingness proportion from 10% to 90%, in terms of
RMSE. The y-axis in the figure represents log scale of regularized RMSE value of each method divided by RMSE of mean

imputation (RMSEethod /RMSEnean )-
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Fig. 3. Histogram of the number of experiments with the best performance for each methode.

bel of 0, 1, and 2. For Fashion-MNIST, we use the same setting as
MNIST.

Network architecture. For image dataset experiments, we used
convolutional layer structures as well as fully connected layers to
capture the spatial information. Table 10 shows the structure of
the models used in image datasets. Note that Fully Connected(FC),

Convolutional(C), 2 x 2 Max-Pooling(M) and Transposed Convo-
lutional(TC) layers are used. In the case of FC, C and TC, we
add specific information of each layer as (Out Channel, Ker-
nel Size, Stride, Padding). After all Convolutional layers, includ-
ing Transposed Convolutional layers, we add Batch Normaliza-
tion. Dim denotes the number of features in each dataset. For ex-
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Table 7

Imputation results in numerical data in Uniform setting, differing missingness proportion from 10% to 90%, in terms of
RMSE. The y-axis in the figure represents log scale of regularized RMSE value of each method divided by RMSE of mean
imputation (RMSE etnod /RMSEpean)- Methods are illustrated in different color; MIDA : Orange, GAIN : Yellow, Amelia : Green,
MICE : Blue, Missforest : Purple, and Ours : Red.
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Table 8
Imputation results of numerical data in MAR®> and MNAR? settings, in terms of MSE.
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Imputation results of numerical data in MAR® and MNAR® settings, in terms of RMSE.
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random uniform random uniform
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Table 10
Network architectures for Image datasets.
Model Structure
Gy = Gpmiss C(16,5,0,0)-C(32,5,0,0)-M-C(64,5,0,0)-M -FC(100)-TC(200,4,1,0)-TC(400,4,1,0)-TC(200,4,2,1)-TC(1,4,2,1)
Gy = Gimpue  €(16,5,0,0)-C(32,5,0,0)-M-C(64,5,0,0)-M -TC(32,5,2,1)-TC(16,4,2,1)-TC(1,4,2,1)
Dy = Dypiss C€(100,4,2,1)-C(200,4,2,1)-C(100,4,1,0)-C(1,4,1,0)
Dg = Dimpure ~ FC(14 x 14)-FC(7 x 7)-FC(1)

ample, MNIST and Fashion-MNIST have the same dimension as
Dim = 28 x 28.

For all layers, ReLU is used as activation function, except fol-
lowing cases. (1) The last activation function of all Discriminators
is Sigmoid(-). (2) Gy = Gpjss uses ReLU(Tanh((-)) as a last activation
to generate mask in range of [0,1]. (3) Dy = Dp;ss uses LeakyReLU(-)
instead of ReLU(.).

Missing pattern. As far as we are aware, it is the first attempt
to extend a numeric imputation method to image datasets. Thus,
we newly defined missing patterns. We considered three types of
missing data distribution:

1. UNIFORM-MCAR: Each pixel is independently missing with the
same probability. We experimented with missing rate from 20%
to 80% at the same interval of 20% (Fig. 4a).

2. SQUARE-MCAR: Each picture is missing a square-shaped mask,
independent of its class. We experimented with increasing the
size of the mask from 6 x 6 to 15 x 15 pixels at the same
interval of 3 pixels (Fig. 4b).

3. DATA-DEPENDENT: We added triangle-shaped missing masks
never suggested in previous papers for considering complex
missing shapes. Thus, depending on its class number, pictures
are missing different masks: random, square or triangle (Fig. 4c
and d).

We qualitatively assess how well our model learns true mask
distribution in different missing cases. We considered all three
missing patterns and missing rates stated above. Fig. 4a and b are
samples from the mask generation results for UNIFORM-MCAR and
SQUARE-MCAR, respectively. It is shown that the proposed model
imitates not only the shape of various masks but also the missing
rate (or size) very well. Moreover, it did not face mode collapse
without taking any particular structure or distance.

Fig. 4c shows the real and generated masks in the DATA-
DEPENDENT case. In the learning phase, each real image is masked
by its class number(0 : random, 1 : square, and 2 : triangle). The
result shows that in most cases the model generated the appro-
priate type of missingness conditioned on the number. The same

10

experiment was also conducted on the Fashion-MNIST data (‘T-
shirt/top’ : random, ‘Trouser’ : square, and ‘Pullover’ : triangle),
with the results summarized in Fig. 4d.

Comparison. For the experiments on the image dataset, we com-
pared with MIDA and GAIN. Since these methods are based on
deep learning based framework, they are suitable to be applied to
image datasets.

5.2.2. Imputation performance

Fig. 5 shows the imputation results of models in various condi-
tions of missingness. We can see the our method produces better
samples than others, especially when the missing rate is low.

We infer the reasons for the lack of imputation capabilities of
other models as follows. MIDA tries to generate pairs (x;, i;”’s) from
given fully-observed data x; by sampling a random mask (usually
uniform mask) m; ~ U(M) and X% = fn, (x;).

However, this generated data may fail to represent the joint dis-
tribution p(X, X°*) and the conditional distribution p(X|X°%) since
U(M) is not the true mask distribution. If we sample m from distri-
butions U(M) that have a larger support than that of the true dis-
tribution such as uniform distribution, most of the data is useless
for modeling the imputation relationship. The data sampled from
a distribution with a smaller support is not sufficient to model the
imputation process. Therefore, particularly in the SQUARE-MCAR
situation, MIDA generally produces blurry images.

On the other hand, GAIN tries to generate samples according to
p(X|X°s) by adding MSE loss between M ®X and M © X, where
X denotes the output of the generator. This framework may work
well for numerical data, but analyzing an image on a pixel-by-pixel
basis can result in a poor understanding of the overall structure
because it focuses on the local view. Consequently, the images gen-
erated from GAIN often do not look like numbers.

5.2.3. Prediction performance
Now we evaluate the post-imputation prediction performance
of our method by comparing the classification accuracy of the
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Fig. 4. Sampled real(left) and generated(right) masks of the proposed method with different missingnesses.

Table 11

Classification results in DATA-DEPENDENT. Results are displayed in the form of
Average + Std of accuracy (%) of 10 different experiments. Best performance
method is highlighted in bold.

Method MNIST Fashion-MNIST
GAIN 89.54 + 0.467 88.19 + 0.532
MIDA 84.14 + 0.606 89.71 + 0.404
Ours(MCAR) 98.82 + 0.202 94.98 + 0.286
Ours 99.23 +0.113 95.95 +0.221

Optimal 99.25 + 0.092 97.36 + 0.131

imputed image. For DATA-DEPENDENT missingness, as we exper-
iment with only 3 labels, the basic classifier records accuracy of
99.8% for data without missing. Table 11 summarizes the predic-
tion results for the DATA-DEPENDENT case, which shows that our
model generally outperforms previous methods. ‘Optimal’ means
optimal performance baseline with a model that used prior knowl-
edge of missing distribution in training. In both experiments, our
model showed the closest performance to the optimal model.

5.2.4. Data-dependent analysis

To address the data dependent missing situation, We consider
the importance of the model to receive the complete image x along
with a random vector z as input for in the mask generation and

1

discrimination process. However, in different missing cases, x is not
necessary as an input since the missing is independent of the ob-
served data. Therefore, we construct a variant of our model with a
mask generator that uses only z as its input. We refer to the new
model as the MCAR version.

Fig. 6 illustrates the mask generation results of the MCAR ver-
sion model for DATA-DEPENDENT missingness. It shows that the
model generated any shape of mask, regardless of the digit label.
Table 11 shows the original model scores higher in accuracy and
lower in standard deviation than the MCAR version. This result
supports our hypothesis that by using x as a mask generator input,
the generator can better learn the data-dependent missing pattern,
leading in turn to the better imputation performance.

5.3. Additional study : two cycle loss

In all experiments we use only one-sided cycle loss of X —
Xs _ X, which is denoted as Eq. (5). However, one might think of
why the proposed method does not use the other cycle-consistent

loss used in Zhu et al. [21].
E e (xor)p(ey | 11Gs (G (XS, €), €) — XS ||3] (18)

The reason for not using X% — X — XS is because we de-
signed the missing generator Gy to produce stochastic outputs.
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Fig. 5. Sampled imputation results for different missingnesses. From the left, ground-truth, missingness, MIDA imputation, GAIN imputation, and OURS imputation are shown
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Fig. 6. Sampled generated masks with MCAR version for DATA-DEPENDENT missingness.

Since missing pattern in the real world is rarely deterministic, re-
constructing the exact incomplete data in a deterministic manner
doesn’t fit the purpose of the proposed model. Using the cycle loss
in Eq. (5), the missing generator Gy fails to learn the missing pat-
tern if there is randomness in the true missing pattern. Since, it
is impossible to learn the randomness, G, converges to a wrong
solution that does not generate masks.

Fig. 7 illustrates the results of our method (left) and two cycle
version (right). The first row shows the task of X — X°5 — X and
the second row shows the task of X% — X — X3 Qur method
successfully generates a clear mask on the original image x as
shown %% in the first row. Furthermore, our method filled and
generated missing patterns more naturally than the given image.

However, the missing generator of two cycle version is con-
verged to the wrong point which rarely produces masks. As shown
in the right figure of Fig. 7, x is almost same as % in the first
row. In the second row, # and %% are definitely the same which
indicates the missing generator did not produce masks. Consid-
ering the chance of two independent missing images is nearly 0,
the loss that reduces the difference between x°» and %% induces
the model to produce no masks under the stochastic characteristic
of missing patterns. Considering that the two cycle version of the
Fig. 7 is similar to Zhu et al. [21], this result illustrates the differ-
ence between our method and [21].

12

5.4. Additional study : imputation for unseen MNAR incomplete data

In the real-world missing problems, there might be cases when
the missing patterns does not exist in the MNAR incomplete data.
In this case, since the missing patterns are ‘unseen’ in the training
phase, it is difficult to impute the missing value.

However, we believe that our method can better impute the
missing in this case, since it can consider the distribution of
the complete data distribution D. This leads the model to un-
derstand the underlying distribution of complete data and it
can serve as a benefit when the model reconstructs incomplete
data.

To show our proposed method handles unseen incomplete data
better than comparison methods, we conducted additional studies.
Based on the models that were trained on DATA-DEPENDENT set-
tings, we have tested the models on the missing data that were
not seen in the training data. For example, since the square miss-
ing pattern only appears on the class 1 in the training set, we have
checked if the models can handle the square missing pattern in
class 0 or 2.

The results are shown in Fig. 8. Compared to MIDA and GAIN
we can find that our method successfully imputed the missing part
even though the missing pattern incomplete data has not been ob-
served in the training data.
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Fig. 7. Imputation and missing results of our method 7a and two cycle version 7b. The first row shows the task of X — X° — X while the second row shows X% — X —
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Fig. 8. Imputation results on unseen missing patterns where the models are trained
on the DATA-DEPENDENT settings in Fig. 5c.

Table 12
Classification results in unseen missing patterns. Results are displayed in the
form of accuracy (%).

Missing pattern MIDA GAIN Ours (MCAR) Ours

Random 81.97 67.26 96.55 96.97
Square 55.81 75.52 79.03 93.03
Triangle 99.48 99.45 99.58 99.61

Moreover, the prediction results for unseen incomplete data are
summarized in Table 12. Our model showed the best results in all
three unseen incomplete data settings.

5.5. Estimating ground-truth missing patterns

As illustrated in Fig. 9, our proposed model tries to optimize
both imputation and missing generator (Gy and Gg) similar to
the ground-truth missing pattern p(x|x°») and imputation process
q(x°|x), respectively.

13

Until now, we have measured the imputation and the predic-
tion performance of our proposed method. As in Fig. 9, we have
checked how our method can optimize the imputation generator
similar to the true imputation process Gy ~ p(x|x°b).

To push further, we show our proposed method can learn the
ground-truth missing pattern p(x|x°). First, we will check how
does the distribution of the generated incomplete data % (=
Gy (x)) is similar to the original incomplete data x°bs_We visualized
the results to qualitatively show out method can learn the missing
pattern.

Second, we have done experiments on large synthetic datasets
where missing patterns are generated on causal graphs. We
checked the performance of our framework quantitatively on vari-
ous number of variables and sample sizes.

Finally, by setting the ground-truth missing pattern p(x|x°) as
neural-network based model, we check if our method can estimate
the ground-truth parameters.

Estimating ground-truth missing distribution In this experiment
we check how our proposed method can generate synthetic incom-
plete data %S similar to the true incomplete data x°%5. To do this,
we have generated two-dimensional original data where the two
attributes x4, x, are generated as follows:

X ~U(0.1),

X, =2x1 +N(0,1).

X1 is a uniform variable and x; is a function of x; with a Gaus-
sian error. We let x, as the variable that can be missing, and use
three missing algorithms to generate true incomplete data x°. The
three ground-truth missing mechanisms are a follows:

1. MCAR : Missingness of x, is completely random
2. MAR : Missingness of x, depends on the value of x;
3. MNAR : Missingness of x, depends on the value of x,

For the missing imputation setting and the graphical visualiza-
tion was inspired by the work in Van Buuren [27].

Table 13 shows the scatter plot of the original data x, ground-
truth incomplete data x°’, and the generated synthetic incomplete
data %°)S. We denote the missing data as red and the data without
missing as black.

In the MCAR case, since the missing is completely random, the
red points in x°* are randomly distributed, and our generated in-
complete data X% also shows similar results. For MAR and MNAR
cases, because missing depends on the value of the original data,

the mean value of the x; and x, (x‘l’bs and xgbs) is different from
the original distribution. Although, there is big differences between

mean values, the values of %1% and %°° were found to be simi-

lar with the ground-truth incomplete data in both MAR and MNAR
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Fig. 9. Illustration of our proposed method and experiments.
Table 13

Scatter plot of the original data x, ground-truth incomplete data x°, and the generated synthetic incomplete data X
on three different missing mechanisms. We denote the missing data as red and the data without missing as black.
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Table 14 Table 15

Results of our method in predicting missing patterns with different
number of variables.

# of variables  Accuracy  Precision  Recall F1-Score
10 0.6613 0.6281 0.3659  0.4624
20 0.7820 0.5714 0.2486  0.3465
50 0.9140 0.5250 0.0878  0.1505

experiments. This is also supported by the fact that the scatter plot
in the third row £ is similar to the second row x°%s,

Predicting ground-truth missing patterns on synthetic datasets We
have evaluated our method on large synthetic datasets, where the
missing patterns are generated on randomly causal graphs. We
have followed the settings in Tu et al. [28], using MNAR settings
for missing generation methods.

We evaluated the performance of estimating the missing pat-
terns by calculating the accuracy, precision, recall, and F1 score on
predicting whether the variable will be missing or not. We exper-
imented with different numbers of variables and sample sizes to
see how the method performed in different environments.

The results of our method in predicting missing patterns with
different number of variables and samples are summarized in
Tables 14 and 15. We can find that our proposed method shows
consistent performance regardless of the number of samples. How-
ever, as the number of variables increases, the Fl-score of our

14

Results of our method in predicting missing patterns with differ-
ent number of samples.

# of samples  Accuracy  Precision  Recall F1-Score
500 0.7372 0.6050 0.2703  0.3736
1000 0.6502 0.6992 0.2992  0.4190
10,000 0.6613 0.6281 0.3659  0.4624
50,000 0.6940 0.7928 0.2974  0.4326
100,000 0.6993 0.8031 0.2813  0.4167

method also decreased. We assume that since the ratio of missing
becomes low when the number of variables increases, our model’s
performance on predicting the missing location decreases. How-
ever, considering that our missingness is randomly generated, our
proposed method has well predicted the unknown missing pattern
on a synthetic large dataset.

Estimating ground-truth missing parameter To verify that our
method can estimate the ground-truth missing parameters, we
have conducted an additional experiment on numerical datasets.
Given original data x, we have manually set the ground-truth miss-
ing mechanism as follows:

ReLU(x0g ), (19)

Here, we consider the output with zero as the missing value
for given ground-truth missing parameter 6g. Thus, in this ex-
periment, the missing pattern is totally dependent with the
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Fig. 10. L2 distance between the ground-truth missing parameter 6 and our parameter Ggys.
parameter Oy so that 6 is the parameter we want to Acknowledgements
estimate.
Then, we apply our method on this setting, where we set our Sungyoon Lee is supported by a KIAS Individual Grant

missing generator Gy as the same structure as Eq. (19), as follows:

Gy = ReLU (XBpurs). (20)

where 60,5 is the parameter that will be optimized by Algorithm 1.
Fig. 10 shows the L2 distance between g and Ouys during the
training process. In all seven datasets, we can find that during
training, the distance between two parameters decreases. It implies
that our proposed method has successfully estimated the ground-
truth missing mechanism Gy by optimizing the weights Goys.

6. Discussion and future work

In this paper, we have proposed a effective imputation method
that can be applied to various types of missing data patterns, in-
cluding data. Our model learns to generate fake incomplete data
indistinguishable from real missing data, and thus better impute
the incomplete data by considering the missing pattern.

Our theoretical analysis approximates the ground-truth joint
distribution of the complete and incomplete data gg(x, x0Ds)
through a variational joint pg(x, x°») as shown in Eq. (12). How-
ever, since the two processes gy, and pg are estimated jointly
with adversarial loss and cycle-consistency loss function as in
Algorithm 1, it is not theoretically proved that our proposed
method can converge to the ground-truth missing parameters. In
response, we have done experiments in Section 5.5, showing that
our method can estimate the ground-truth missing patterns in syn-
thetic Gaussian experiments and real-world experiments. However,
even though we observed that the proposed model can success-
fully model the underlying missing distribution, more theoretical
analysis must be performed.
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Appendix A. Proofs of theoretical results

Proof of Theorem 1

Proof. From the definition of Lygp(6, @) and by the assumption
Do (X]x%P5) = N (x| Gy (x°DS), %1), we have

Lnerp (0, @) = Egexype)|— In pp (x]Gy (%, €))]
d
= YEqwpee)[|1x — Go(Gy (x, €))15] + 5 In(/y)
d
= YViyc(Gy, Gg) + ) In(r/y)

1 m
=y — M1 = Go (G (i )]

i=1

+gln(n/y) as m— oo
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Proof of Theorem 2

Proof. The second term can be expressed as

KL[qg (x°]x) || p* (x°P%) ] = Eq, (eovs | [10 0* (x5 )], (A1)
where p*(x°S; x) is defined as follows:
P (x%; %) = gy (X |x) / p* (x). (A2)

Since we cannot directly compute this density p*(x°%;x) due to
intractable p*(x°%), we follow the derivation and the result in
Nguyen et al. [29], Tiao et al. [30] of the lower bound for arbitrary
f-divergences D (p||q) = Ep[f(q/p)]:

Dy[pllq] = mgX{Eq[f’(ﬁ)] —Eplf*(f (O]} (A3)

where f* be the Fenchel conjugate of f and equality holds when
p=aq/p.

Thus, applying the KL-divergence where f(t) =tInt and
f*(u) = e'~1 to (A.3), the density ratio estimator pg (xOb?;x) of p*
parametrized by « can be estimated by maximizing Ly*""(a, ¢)
over o wherein ¢ is fixed as follows.

Eg-KL[p* (x*)|g (x|x)] = max Ly (o, d)
where
LR (0, ) = Eqe g, (oo 10 e (X755 %) + 1] = Ege e ey [ 00 (X5 0)]
= Egexyq, (et [0 po (x°"; )] + terms not involving ¢
(A.4)

and equality holds when pg (x°%5; x) = p*(x°b5; x). For the optimal
o, we have

min £ig"*" (@, ¢) = minEq-KLgs 1) |p" ()] (A.5)

Using the Jensen Shannon divergence f(t) =tInt— (t+1)In(t +

1) and its Fenchel conjugate f*(u) = —In(1 —e*) in Eq. (A.3) and

reparametrization of qy (x°5s]x), we have

E]s (, ¢) = ]Eq*(x)p* (xubs)[ln Dy (XObSQ X)] + Eq* 0, (xubs|x)[ll'l(1 — Dy (XObS; X))]
= Vmiss (D¢, G¢)

where Dy (x%%; x) = 1 — o (In pg (x°%; X)), o is the logistic sigmoid
function, and pg (x%; X) = p*(x°%; x) maximizes Ljs(ct, @).

L "8 (0, §) = B (g, oty [ 11 0 (X %) |

12 n po (x5 X))
= Bewa ool Mg (In g, (o))

[~ In D (x%; x)]

= Eq (g, (xes1x)

+Eq*(x)q¢ (xobs|x)[ln(l — Dy (XObS; X))]
= Loan(et, @) + Ljs(or, ¢) + terms not involving ¢.
where the first term of the last equation the GAN loss function
suggested by Goodfellow et al. [13] for the optimal «. Therefore,

for the optimal o, ming £} (a, ¢) reduces to ming Ljs(a. @),
which is equivalent to ming Vpissing(Dg. Gg) for optimal Dg. O

Proof of Theorem 3

Proof. Using (A.3) in the same way as above, we estimate the den-
sity ratio estimator pg(x: x°%) of py (x[x°%%)/q*(x) parametrized by
iB by maximizing E%’_p”te(ﬂﬁ) over B wherein 6 is fixed as fol-
OWS.

Ep KL[q* (X)|| pg (x[x*)] > max LI (8, 9)
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where

L (B, 0) = By py ety [ 10 0 (X XY 4+ 1] = By oy [ 0 (% X))
= Epe i) p, ooy [ 111 0 (%: X°%)] + terms not involving 6

(A.6)

and equality holds when pg (x; x%%) = py (x|x°) /q* (x).
Therefore, minimizing the mean KL divergence with respect to
x5 in (15) can be summarized as follows:

min max LI (B,6) (A7)

Rest of the proof is similar to that of Theorem 2. O
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